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QM teaching is usually dogmatic and pragmatic
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Postulate 1 

At any times the state of a physical system 
is represented by a state vector  which 
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Postulates of QM

Postulate 2 

An observable  of a physical system is 
described by a linear Hermitian operator  

that acts in .
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Postulates of QM

Postulate 3 

The only possible result of the 
measurement of an observable  is one of 

the eigenvalues  of the corresponding 
operator .
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Postulates of QM

Postulate 4 

When a measurement of an observable  is 
made on a normalized state  the 

probability of obtaining an eigenvalue  
with degeneracy  is 
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Postulates of QM

Postulate 5 

Immediately after the measurement of an 
observable  has yielded a value  the 
state of the system is in the eigenstate
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Dogmatic/Pragmatic for good reasons: History is super complicated!

Max Jammer Mehra & Rechenberg Duncan & Janssen



Can we find a compromise? Didactical design!

• Careful selection: short (3-page!) excerpts, deep insights 

• Clear learning goals; Good secondary sources

• A posteriori: Comparison with modern teaching 

But from the learner’s perspective, this can be frustrating

Why probabilistic?

How did Schrödinger 
derive his equation?

Why represent 
physical quantities 

by operators?

Why do we need 
complex numbers?



1) Bohr first proposed his model

2) Heisenberg introduced matrices
to the QM formalism

3) Schrödinger derived his equation 
and interpreted the real part of 𝜓

4) Born arrived at his statistical 
interpretation

Selected Episodes: A glimpse of how…
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Zur Quantenmechanik der Sto~vorg~nge. 
[Vorl~ufige Mitteilung. I)] 

Von Max Born, GSttingen. 

(Eingegangen am 25. Juni 1926.) 

Durch eine Untersuchung der S~oflvorg~nge wird die Auffassung entwickelt, daft 
die Quantenmechanik in der S chrSdingerschen Form nicht nat die station~ren 

Zustande, sondern auch die Quantenspriinge zu beschreiben gestattet. 

Die yon H e i s e n b e r g  begriindete Quantenmechanik ist bisher aus- 
scMieflich angewandt worden zur Berechnung der stationaren Zustande 
und der den [Tbergangen zugeordneten Schwingungsamplitudeu (ich ver- 
meide absichtlich das Wort ,Ubergangswahrscheinlichkelten"). I)abei 
schelnt sich der inzwischen weir entwickelte Formalismus gut zu be- 
w~hren. Aber diese Fragestellung betrif~t nur eine Seite der quauten- 
theoretisehen Probleme; daneben erhebt sich als ebenso wichtig die Frage 
nach dem Wesen der ,,iJberg'~nge" selbst. Hinslchtlich dleses Punktes 
seheint die Meinung geteilt zu sein; viele nehmen an, daf das Problem 
der Uberg~nge vonde r  Quantenmeehanik in der vorliegenden Form n ich t  
errant wird, sondern da~ hier neue Begriffsbildungen n~tig sein werden. 
Ieh selbst kam durch den Eindruek der Geschlossenheit des logischen 
Aufbaues der Quantenmeehanik zu der Wermu~ung, da~ diese Theorie 
vollstandig sein und das ~lbergangsproblem mit enthalten miisse. Ich 
glaube, daft es mir ietzt gelungen ist, dies naehzuweisen. 

Schon Bohr  hat die Aufmerksamkeit darauf geriehtet, dad alle 
prinziplellen Schwierigkelten der Quautenvorstelluugen, die uns bet der 
Emission und Absorption yon Lieht durch Atome begegnen, auch bet der 
Wechselwlrkung yon Atomen auf kurze Entfernung auf~re~en, also bet 
den S~ofvorgangen. Bei diesen hat man es start mit dem noch sehr 
dunklen Wellen~elde aussehlieflleh mlt Sys~emen materleller Teilchen zu 
tun, die dem Formallsmus der Quantenmechanik unterliegen. Ich habe 
daher das Problem in Angriff genommen, die Wechselwirkung eines 
freien Teilchens (v.-Strahls oder Elektrons) und eines beliebigen Atoms 
n~her zu untersuchen und festzustellen, ob nicht innerhalb des Rahmens 
der vorliegenden Theorie eine Besehreibung des Stofvorganges mSglieh isL 

1) Diese Mitteilung war urspriinglich fiir die ,,~Naturwissenschaften" bestimmt, 
konnte aber dort wegen Raummangel nicht aufgenommen werden. Ich hoffe, dab 
ihre VerSffentlichung an dieser Stelle nicht iiberflfissig erseheint. 

Zeitschrift fiir Physik. Bd. XXXVII. 57 

864 Max Born, 

Von den verschiedenen Formen der Theorie hat sieh hierbei allem 
die Schr i id ingersche  als geelgnet erwiesen, und ich m(ichte gerade ans 
diesem Grunde sie als die tlefste •assung der Quantengesetze ansehen. 
Der Gedankengang meiner Uberlegung ist nun der folgende: 

Wenn man quantenmechanisch die Wechselwirkung zweier Systeme 
berechnen will, so kann man bekanntlich nicht, wie in tier klassischen, 
Mechanik, einen Zustand des einen Systems heransgreifen und feststellen, 
wie dleser yon elnem Zustande des anderen Systems beeinflul~t wlrd, 
sondern alle Zustande beider Systeme koppeln sich in verwickelter Weise. 
Das gilt. auch bei einem aperiodischen Vorgang, wie einem Stol]e, wo ein 
Tei[chen, sagen wit ein Elektron, ans dem Unendlichen kommt und wieder 
im Unendliehen verschwindet. Aber bier dr~ngt sich die u 
auf~ dal~ doch sowoh] vor a]s aueh nach dem Stol3e~ wenn das Elektron 
welt genug entfernt und die Koppelung klein ist, ein best~mmter Zustand 
des Atoms und eine bestimmte, geradlinig-gleichf~rmige Bewegung des 
E]ektrons definierbar sein muir. Es handelt sich darum~ dies asympto- 
tlsche Verhalten der gekoppelten Teilchen mathematisch zu fassen. Mit 
der ]~Iatrixform der Quantenmechanik ist mir das nicht gelungen, wohl 
aber mit der SchrSdingerschen  Formulierung. 

Nach Sch r i i d inge r  ist das Atom im n-ten Quantenzustand ein 
Schwingungsvorgang einer Zustandsgrii~e im ganzen Raume mit kon- 

1 
stanter Frequenz ~-Wn ~ Ein geradlinig bewegtes Elektron ist speziell 

ein solcher Sehwingungsvorgang, der einer ebenen Welle entsprieht. 
Kommen beide in Wechselwirkung, entsteht eine verwickelte Sehwingung. 
Abet man sieht sogleich, dal~ man diese durch ihr asymptotisches Ver- 
halten im Unendlichen festlegen kann. Man hat ja niehts als ein 
,,Beugungsproblem", bei dem eine einfallende ebene Welle an dem Atom 
gebeugt oder zerstreut wird; an Stelle der Randbedingungen, die man in 
der Optik zur Beschreibung der Schirme verwendet, hat man bier die 
potentielle Energie der Wechselwirkung yon Atom und Elektron. 

Die Aufgabe ist also: man soll die S ehr5 dingersche Wellengleichung 
fiir die ](ombinatlon Atom-Elektron 15sen unter der Randbedlngung, dad 
die LSsung in einer bestimmten Richtung des Elektroneuraumes asymp- 
totiseh iibergeht in eine ebene Welle eben dieser Fortschreitungsriehtung 
(das ankommende Elektron). Von tier so gekennzeiehneten L(isung 
interessiert uns nun wieder hauptsaehlieh das Yerhalten der ,,gestreuten" 
Wel]e im Unendliehen; denn diese besehreibt das Verhalten des Systems 
naeh dem Sto~. Wir fiihren das etwas n~her aus. Es seien ~o(qk), 



Rutherford (aka Manchester) memorandum 1912

1) Origins of Bohr’s atomic model



Stability and formation of H2 and He2
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Stability and formation of H2 and He2
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a a hydrogen molecule

𝑚𝜔2	𝑟 =
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(per electron)
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Similar procedure to Helium

1) Origins of Bohr’s atomic model(Thanks to Michel Janssen!) 



Planck’s constant enters Bohr’s model

r
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In general
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Hydrogen molecule: X = 1.049
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Pause for reflection…

• Is there anything being quantized?

• Where are the spectral lines?

• What is the value of Planck’s constant?

• Are there quantum jumps?

1) Origins of Bohr’s atomic model(Thanks to Michel Janssen!) 



The pivoting role of Balmer’s formula

• Hans Marius Hansen (1886–1956) points out Balmer’s formula to Bohr

where n and m are integers such that m > n and R is the Rydberg 
constant.

• Bohr later said: “as soon as I saw Balmer’s formula, the whole thing 
was immediately clear to me.”

1) Origins of Bohr’s atomic model(Thanks to Michel Janssen!) 



• Total energy of an electron in Bohr’s model of the hydrogen atom:

• ”Quantization" condition:                 . Comparison with the quantization 
condition for a Planck oscillator,                 ,  which means that                 , 
suggests that we set                (for          ,             ). 

• Hence

• We get the Balmer formula if we make the now familiar assumption that 
the energy lost when an electron jumps from an energy state labeled by τ1
to an energy state labeled by τ2 < τ1 is emitted as radiation with a 
frequency ν equal to this energy loss divided by Planck’s constant:

The royal road from the Memorandum to Balmer’s formula

1) Origins of Bohr’s atomic model(Thanks to Michel Janssen!) 



Problems to explain the ½ factor

Problems with Bohr’s initial proposal:

The ‘emission-following-electron-capture’ radiation mechanism (pp. 4–5) 
needs to be replaced by an ‘emission-following-transition-between-states’ 
mechanism (p. 7) to get the Balmer formula. This replacement comes 
at the price of severing the relation between orbital frequencies and 
radiation frequencies!

1) Origins of Bohr’s atomic model

Bohr’s initial justification of the quantum condition W = τhω/2:

Radiation is emitted when an electron is captured by a nucleus and 
settles into an orbit with energy Etot = – τhω/2.  The energy lost by 
the electron is emitted in τ quanta of energy as monochromatic 
radiation (in the form of waves) of frequency ω/2, the average 
between the electron’s initial frequency (0) and its final frequency (ω).

The real reason for this factor ½: Bohr knew he needed it to get the 
right value for the Rydberg constant …  

(Thanks to Michel Janssen!) 



Heilbron and Kuhn 1969:  “That a spectral line of a given 
frequency must be produced by a charge vibrating at the 
same frequency was a consequence of electromagnetic 
theory which even Planck and Einstein had not thought 
to challenge.”

Thomas S. Kuhn (1922–1996)

A controversial step

1) Origins of Bohr’s atomic model

Schrödinger to Lorentz, June 6, 1926:  “The frequency 
discrepancy in the Bohr model … seems to me, (and has 
indeed seemed to me since 1914), to be something so 
monstrous, that I should like to characterize the 
excitation of light in this way as really almost 
inconceivable”

Erwin Schrödinger (1887–1961)

(Thanks to Michel Janssen!) 



Didactic reconstructionHistorical research

Useful references

1) Origins of Bohr’s atomic model

The Genesis of the Bohr Atom 

BY JOHN L. HEILBRON* AND THOMAS S. KUHN** 

INTRODUCTION 

The following pages offer a reconstruction of a momentous episode 
in the history of science: Niels Bohr's journey from his doctoral thesis 

of 1911 to the composition, some two years later, of his famous three 

part paper, "On the Constitution of Atoms and Molecules." Parts of 

this story have been told before, most notably by L?on Rosenfeld, who 
has published and interpreted the most important of the relevant 

manuscripts.1 Informed by its author's long acquaintance with Bohr, 
Professor Rosenfeld's imaginative and scholarly account will remain 
an essential source for students of the development of modern physics. 
Recent writers, however, working principally from published records 
to which Rosenfeld attached little weight, have suggested the need for 

significant modifications in his account, particularly in respect to the 

importance for Bohr of the work ofJ. W. Nicholson.2 As a result, though 

* 
Department of History, University of California, Berkeley, California 94720. ** 

Program in History and Philosophy of Science, Princeton University, Princeton, New Jersey 
08^40. 
1 L. Rosenfeld, "Introduction" to On the Constitution of Atoms and Molecules (Copenhagen, 1963), 
a reprinting of Bohr's three papers of 1913, hereafter cited as "Rosenfeld." See also L. Rosen 
feld and E. Riidinger, "The Decisive Years, 1911-1918," in S. Rozental, ed., Niels Bohr: His Life 
and Work as seen by his Friends and Colleagues (Amsterdam and New York, 1967), 38-73. 2 
E.g., T. Hirosige and S. Nisio, "Formation of Bohr's Theory of Atomic Constitution," Jap. Stud 
ies Hist. Sci, No. 3 (1964), 6-28; J. L. Heilbron, A History of Atomic Models from the Discovery of the 

Electron to the Beginnings of Quantum Mechanics, diss. (University of California, Berkeley, 1964); 
R. McCormmach, "The Atomic Theory of John William Nicholson," Arch. Hist. Exact Sci., 3 (1966), 
160-184. The older literature (e.g., C. E. Behrens, "Atomic Theory from 1904 to 1913," Am.J. 

Phys., 11 [1943], 60-66, "The Early Development of the Bohr Atom," ibid, 135-147, and "Fur 
ther Developments of Bohr's Early Atomic Theory," ibid., 272-281; E. T. Whittaker, A History of 
the Theories of Aether and Electricity. II. The Modern Theories, igoo-ig26 [London, 1953]; and L. S. 
Polak, "Die Entstehung der Quantentheorie des Atoms (Das Rutherford-Borsche Atommodell)," 
Sowjetische Beitrage zur Geschichte der Naturwissenschaft [Berlin, i960], 226-242), since its authors were 

necessarily ignorant of Rosenfeld's account, is not useful for a reconstruction of Bohr's path, though 
it can help to place his work in historical context. 
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Further reading on Niels Bohr

20/06/2016 13

• Abraham Pais, Niels Bohr's Times, 
in Physics, Philosophy, and Polity 
(Oxford: Clarendon Press, 1991).


• Helge Kragh, Niels Bohr and the 
Quantum Atom: The Bohr Model 
of Atomic Structure, 1913–1925 
(Oxford: Oxford University Press, 
2012).


• Finn Aaserud and John Heilbron, 
Love, Literature, and the Quantum 
Atom: Niels Bohr’s 1913 Trilogy 
Revisited (Oxford: Oxford 
University Press, 2013)


• John L. Heilbron, Niels Bohr: A 
Very Short Introduction (Oxford: 
Oxford University Press, 2020).



- At first, Bohr was not interested in explaining the hydrogen spectrum
(otherwise considered his key achievement); he was way more ambitious
than textbooks would have him appear (explain all molecules).

- The (in)famous electron jumps were inferred from the structure of
Balmer’s formula;

- Bohr had problems explaining a ½ factor theoretically, although its need
was clear from the experimental value of R

- Orbital frequency ≠ radiation frequency: MAJOR controversy!

Some lessons from case 1)

1) Origins of Bohr’s atomic model



The quantum century (2025)
Heisenberg’s breakthrough in Helgoland 

2) Heisenberg’s matrices

I have never understood 
Heisenberg׳s motivations 

for the mathematical 
steps in his paper
(Steven Weinberg)

On the quantum-theoretical 
reinterpretation of  kinematic and 

mechanical relationships 



The Correspondence Principle (TCP)

Bohr model  
(1913)

The electron motion is no longer the cause of radiation

Says nothing about the intensity of the radiation

2) Heisenberg’s matrices

unfolds. The ultimate practical power of the postulates is that
they allow one to calculate quantal spectra (!nm ,Pnm) from
classical motion x(t).

IV. CORRESPONDENCE THEOREMS

The correspondence theorems provide the connection be-
tween the quantum-jump quantities, !nm and Anm , and the
classical-harmonic quantities, !"(n) and a"(n). We state and
discuss the theorems in this section. The proofs will be given
in Sec. V.

Theorem 1. Correspondence between spectral and
mechanical frequencies

The spectral frequency !n ,n!" of the radiation emitted
during the quantum jump of an electron from state n to state
n!" corresponds to the mechanical frequency "!(n) of the
"th harmonic of the classical motion of the electron in the
state n. For n"" ,

!n ,n!"#"!#n $. #13$

Theorem 2. Correspondence between transition
probability and vibration amplitude

The transition rate An ,n!" for an electron to jump from
state n to state n!" corresponds to the square of the vibra-
tion amplitude a"(n) of the "th harmonic of the classical
motion of the electron in the state n. For n"" ,

An ,n!"#
e2"3!3#n $

12%&0'c3
(a"#n $)2, #14$

where e is the charge of the electron, &0 is the permittivity of
free space, and c is the speed of light.
Theorem 1 was first stated and proved by Bohr.1 The cor-

respondence between rotation and radiation frequencies is
often illustrated in textbooks11,12 using the hydrogen atom,
but only for the special case "#1. The correspondence be-
tween transition probabilities and Fourier coefficients was
first noted by Bohr.1 An analytical form of this correspon-
dence, similar to Eq. #14$, was first stated by Van Vleck13
and can be found in some textbooks.14–16
The theme of the correspondence theorems is that every

possible transition between two quantum states is conjugated
with a certain harmonic component of the classical motion.
In particular, the transition from state n to state n!" corre-
sponds to the harmonic of frequency "!(n) as illustrated in
Fig. 2. The correspondence theorems assign a quantum

meaning to the harmonic parts, a1 cos!t, a2 cos 2!t,
a3 cos 3!t,..., of the classical Fourier series, but not to the
whole series. In the quantum theory, it makes no sense to
combine the parts to produce a well-defined state x(t) of
the electron, because each part corresponds to a jump be-
tween two states, rather than a property of a single state #see
Fig. 3$.
Note that the classical objects, !"(n) and a"(n), and the

quantum objects, !n ,n!" and An ,n!" , are labeled by two
indices, n and ". Classically, " specifies a harmonic compo-
nent of x(t). Quantum mechanically, " specifies the change
*n in the quantum number for the transition n→n!*n . In
general, "#n!m for the transition n→m . It is important to
stress that the physical meaning of the classical-harmonic
number " is completely different than the physical meaning
of the quantum-jump number n!m . The numerical equality
between " and n!m is the deep statement of the correspon-
dence principle.
An immediate consequence of the correspondence theo-

rems is that large quantum jumps will occur if the classical
motion contains high harmonics. Furthermore, quantum
jumps will be highly probable if the corresponding classical
harmonics have large amplitudes. For example, if an electron
moves in a circular orbit with constant speed, then only the
fundamental harmonic ("#1) exists, and thus only small
quantum jumps (n→n!1) are possible. For an elliptical or-
bit, higher harmonics exist, and thus larger quantum jumps
are possible.
A fundamental principle of quantum mechanics is that

probabilities are proportional to squares of amplitudes. The
correspondence relation, An ,n!"+(a"(n))2, clearly illus-
trates this principle in the framework of the classical-
quantum theory. The relation between the transition prob-
ability An ,n!" and the vibration amplitude a"(n) makes
physical sense because An ,n!" is the quantum measure of
intensity #number of photons$ and (a"(n))2 is the classical
measure of intensity #energy of vibration$. The probability
An ,n!" of a quantum jump and the amplitude a"(n) of a
harmonic oscillator are more intuitive versions of probability
and amplitude than those that are typically introduced in
quantum mechanics.
In terms of line spectra, the correspondence theorems state

that for relatively small quantum jumps ("$n), atoms radi-
ate harmonics. The quantum process of jumping between
two closely spaced states produces the same spectral effects
as the classical process of accelerating in one of the states. In
particular, the light emitted #per atom$ when an actual elec-
tron makes the jump n→n!" is identical to the light radi-
ated by a virtual electron oscillating with the harmonic mo-
tion a"(n)cos!"(n)t. It is remarkable that the classical and

Fig. 2. The "th Fourier component of the electron motion in state n corre-
sponds to the quantum jump from state n to state n!" . The harmonic
amplitude a"(n) corresponds to the transition probability An ,n!" . The har-
monic frequency !"(n)#"!(n) of the orbiting electron corresponds to the
spectroscopic frequency !n ,n!" of the emitted light.

Fig. 3. In classical mechanics, the sum of the harmonics represents the
periodic motion. In quantum mechanics, the set #matrix$ of harmonics rep-
resents the quantum transitions.
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Quantum jumps and classical harmonics
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We present an introduction to quantum mechanics based on the formal correspondence between the
atomic properties of quantum jumps and the classical harmonics of the electron’s periodic motion.
By adding a simple quantum condition to the classical Fourier analysis, we readily find the energies
of the stationary states, calculate the transition probabilities between the states, and construct the
line spectrum of the emitted light. We provide examples to illustrate the asymptotic, and sometimes
exact, agreement between the classical-quantum results !Fourier harmonics" and the exact quantum
results !Heisenberg harmonics". © 2002 American Association of Physics Teachers.
#DOI: 10.1119/1.1445405$

I. INTRODUCTION

In quantum theory, the mechanical behavior of an atom is
characterized by two fundamental quantities: En , the energy
of the stationary state n, and Anm , the probability per unit
time to spontaneously jump from state n to state m. In spec-
troscopic experiments, the basic quantity measured is the ra-
diation emitted by the atom—the line spectrum. Quantum
theory relates the mechanical properties !En and Anm" of the
atom to the spectral properties !frequency and intensity" of
the emitted light. In particular, the energy of the transition,
En!Em , determines the frequency of the emitted light, and
the probability of the transition, Anm , determines the inten-
sity.
A remarkable fact is that every quantum transition be-

tween two stationary states in an atom corresponds to a cer-
tain Fourier component of the electron motion.1 In particular,
the jump energy and jump probability correspond to the har-
monic frequency and harmonic amplitude, respectively. It is
ironic that one of the most nonclassical concepts in quantum
mechanics, namely the quantum jump, possesses properties
that correspond most directly to classical properties. This
correspondence played a crucial role in the development of
quantum mechanics, but has lost its prominence in the mod-
ern presentation of the subject. The correspondence between
classical and quantum mechanics can provide insight into
both subjects.2–5
In an introductory course on quantum mechanics, there is

much discussion of quantum states and energies, but much
less discussion of transitions and line intensities. Students
learn how to calculate energy levels, but seldom calculate
transition probabilities. Knowledge of En alone allows one to
calculate the frequencies, but not the intensities of the spec-
tral lines. In the original formulation of quantum theory by
Einstein, Bohr, Heisenberg, Born, and Jordan,6 the transition
probability was a central object of the theory, and the calcu-
lation of the spectral lines was a primary application of the
theory. Indeed, the hallmark of quantum mechanics is its
ability to explain the spectral signature of atoms.
In this paper, we present an introductory approach to

quantum mechanics that focuses on quantum-jump concepts
and line-spectra applications. It is based on the correspon-
dence between quantum transitions and classical harmonics.
This ‘‘classical-quantum’’ theory elucidates the deep connec-
tion between classical and quantum mechanics. Using this
theory, a student can learn how to calculate transition rates,

selection rules, and line spectra at the very beginning of the
course. In the traditional quantum course, these important
observables usually appear near the end, because their calcu-
lation requires heavy-duty, quantum-theoretical technology.
In the classical-quantum theory, there are no wave functions,
wave equations, or operators. Furthermore, there are no ei-
genvalue problems to solve or matrix elements to calculate.
Instead, there are only Bohr postulates and Fourier series.
The calculation of a quantum-mechanical observable con-
sists of the simple quantization of a classical-mechanical
Fourier series. The results of this ‘‘Bohr–Fourier’’ theory are
in close or exact agreement with the Heisenberg–
Schrödinger results.

II. HARMONIC VERSUS ATOMIC SPECTRA

Is there a relation between the orbital motion of the elec-
tron in an atom and the properties of the light emitted by the
atom? The search for the answer to this question played an
important part in the development of quantum mechanics.
A glimpse into the connection between orbital and optical

frequencies can be obtained by considering the well-known
spectrum of the hydrogen atom. The frequency of the radia-
tion emitted by a hydrogen atom during the transition n
→m is %nm"K(1/m2!1/n2), where K is a constant. For the
transitions, 5→4, 5→3, 5→2, 5→1, the relative frequen-
cies are %!, 3.2%!, 9.3%!, 43%!, respectively (%!&%5,4).
For the transitions, 500→499, 500→498, 500→497, 500
→496, the relative frequencies are %, 2.0%, 3.0%, 4.0%, re-
spectively (%&%500,499). Thus, for large quantum numbers,
the atomic spectrum coincides with a harmonic spectrum.
Such a harmonic spectrum, or Fourier spectrum, is the opti-
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ing of an electron orbiting around a proton in an elliptical
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tain Fourier component of the electron motion.1 In particular,
the jump energy and jump probability correspond to the har-
monic frequency and harmonic amplitude, respectively. It is
ironic that one of the most nonclassical concepts in quantum
mechanics, namely the quantum jump, possesses properties
that correspond most directly to classical properties. This
correspondence played a crucial role in the development of
quantum mechanics, but has lost its prominence in the mod-
ern presentation of the subject. The correspondence between
classical and quantum mechanics can provide insight into
both subjects.2–5
In an introductory course on quantum mechanics, there is

much discussion of quantum states and energies, but much
less discussion of transitions and line intensities. Students
learn how to calculate energy levels, but seldom calculate
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Einstein, Bohr, Heisenberg, Born, and Jordan,6 the transition
probability was a central object of the theory, and the calcu-
lation of the spectral lines was a primary application of the
theory. Indeed, the hallmark of quantum mechanics is its
ability to explain the spectral signature of atoms.
In this paper, we present an introductory approach to

quantum mechanics that focuses on quantum-jump concepts
and line-spectra applications. It is based on the correspon-
dence between quantum transitions and classical harmonics.
This ‘‘classical-quantum’’ theory elucidates the deep connec-
tion between classical and quantum mechanics. Using this
theory, a student can learn how to calculate transition rates,

selection rules, and line spectra at the very beginning of the
course. In the traditional quantum course, these important
observables usually appear near the end, because their calcu-
lation requires heavy-duty, quantum-theoretical technology.
In the classical-quantum theory, there are no wave functions,
wave equations, or operators. Furthermore, there are no ei-
genvalue problems to solve or matrix elements to calculate.
Instead, there are only Bohr postulates and Fourier series.
The calculation of a quantum-mechanical observable con-
sists of the simple quantization of a classical-mechanical
Fourier series. The results of this ‘‘Bohr–Fourier’’ theory are
in close or exact agreement with the Heisenberg–
Schrödinger results.
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Is there a relation between the orbital motion of the elec-
tron in an atom and the properties of the light emitted by the
atom? The search for the answer to this question played an
important part in the development of quantum mechanics.
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cal consequence of an underlying mechanical periodicity.
Classically, the hydrogen atom is a periodic system consist-
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path. The periodic elliptical motion can be resolved into a set
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the jump energy and jump probability correspond to the har-
monic frequency and harmonic amplitude, respectively. It is
ironic that one of the most nonclassical concepts in quantum
mechanics, namely the quantum jump, possesses properties
that correspond most directly to classical properties. This
correspondence played a crucial role in the development of
quantum mechanics, but has lost its prominence in the mod-
ern presentation of the subject. The correspondence between
classical and quantum mechanics can provide insight into
both subjects.2–5
In an introductory course on quantum mechanics, there is

much discussion of quantum states and energies, but much
less discussion of transitions and line intensities. Students
learn how to calculate energy levels, but seldom calculate
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calculate the frequencies, but not the intensities of the spec-
tral lines. In the original formulation of quantum theory by
Einstein, Bohr, Heisenberg, Born, and Jordan,6 the transition
probability was a central object of the theory, and the calcu-
lation of the spectral lines was a primary application of the
theory. Indeed, the hallmark of quantum mechanics is its
ability to explain the spectral signature of atoms.
In this paper, we present an introductory approach to

quantum mechanics that focuses on quantum-jump concepts
and line-spectra applications. It is based on the correspon-
dence between quantum transitions and classical harmonics.
This ‘‘classical-quantum’’ theory elucidates the deep connec-
tion between classical and quantum mechanics. Using this
theory, a student can learn how to calculate transition rates,

selection rules, and line spectra at the very beginning of the
course. In the traditional quantum course, these important
observables usually appear near the end, because their calcu-
lation requires heavy-duty, quantum-theoretical technology.
In the classical-quantum theory, there are no wave functions,
wave equations, or operators. Furthermore, there are no ei-
genvalue problems to solve or matrix elements to calculate.
Instead, there are only Bohr postulates and Fourier series.
The calculation of a quantum-mechanical observable con-
sists of the simple quantization of a classical-mechanical
Fourier series. The results of this ‘‘Bohr–Fourier’’ theory are
in close or exact agreement with the Heisenberg–
Schrödinger results.

II. HARMONIC VERSUS ATOMIC SPECTRA

Is there a relation between the orbital motion of the elec-
tron in an atom and the properties of the light emitted by the
atom? The search for the answer to this question played an
important part in the development of quantum mechanics.
A glimpse into the connection between orbital and optical

frequencies can be obtained by considering the well-known
spectrum of the hydrogen atom. The frequency of the radia-
tion emitted by a hydrogen atom during the transition n
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the atomic spectrum coincides with a harmonic spectrum.
Such a harmonic spectrum, or Fourier spectrum, is the opti-
cal consequence of an underlying mechanical periodicity.
Classically, the hydrogen atom is a periodic system consist-
ing of an electron orbiting around a proton in an elliptical
path. The periodic elliptical motion can be resolved into a set
of harmonic vibrations of frequencies equal to %, 2%, 3%,
4%,... . The frequency % of the light emitted during the quan-
tum jump 500→499 is numerically equal to the rotational
frequency of the electron in the initial !or final" elliptical
orbit. The ‘‘octave’’ 2% of the revolution frequency matches
the radiation frequency for the quantum jump 500→498.
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unfolds. The ultimate practical power of the postulates is that
they allow one to calculate quantal spectra (!nm ,Pnm) from
classical motion x(t).

IV. CORRESPONDENCE THEOREMS

The correspondence theorems provide the connection be-
tween the quantum-jump quantities, !nm and Anm , and the
classical-harmonic quantities, !"(n) and a"(n). We state and
discuss the theorems in this section. The proofs will be given
in Sec. V.

Theorem 1. Correspondence between spectral and
mechanical frequencies

The spectral frequency !n ,n!" of the radiation emitted
during the quantum jump of an electron from state n to state
n!" corresponds to the mechanical frequency "!(n) of the
"th harmonic of the classical motion of the electron in the
state n. For n"" ,

!n ,n!"#"!#n $. #13$

Theorem 2. Correspondence between transition
probability and vibration amplitude

The transition rate An ,n!" for an electron to jump from
state n to state n!" corresponds to the square of the vibra-
tion amplitude a"(n) of the "th harmonic of the classical
motion of the electron in the state n. For n"" ,

An ,n!"#
e2"3!3#n $

12%&0'c3
(a"#n $)2, #14$

where e is the charge of the electron, &0 is the permittivity of
free space, and c is the speed of light.
Theorem 1 was first stated and proved by Bohr.1 The cor-

respondence between rotation and radiation frequencies is
often illustrated in textbooks11,12 using the hydrogen atom,
but only for the special case "#1. The correspondence be-
tween transition probabilities and Fourier coefficients was
first noted by Bohr.1 An analytical form of this correspon-
dence, similar to Eq. #14$, was first stated by Van Vleck13
and can be found in some textbooks.14–16
The theme of the correspondence theorems is that every

possible transition between two quantum states is conjugated
with a certain harmonic component of the classical motion.
In particular, the transition from state n to state n!" corre-
sponds to the harmonic of frequency "!(n) as illustrated in
Fig. 2. The correspondence theorems assign a quantum

meaning to the harmonic parts, a1 cos!t, a2 cos 2!t,
a3 cos 3!t,..., of the classical Fourier series, but not to the
whole series. In the quantum theory, it makes no sense to
combine the parts to produce a well-defined state x(t) of
the electron, because each part corresponds to a jump be-
tween two states, rather than a property of a single state #see
Fig. 3$.
Note that the classical objects, !"(n) and a"(n), and the

quantum objects, !n ,n!" and An ,n!" , are labeled by two
indices, n and ". Classically, " specifies a harmonic compo-
nent of x(t). Quantum mechanically, " specifies the change
*n in the quantum number for the transition n→n!*n . In
general, "#n!m for the transition n→m . It is important to
stress that the physical meaning of the classical-harmonic
number " is completely different than the physical meaning
of the quantum-jump number n!m . The numerical equality
between " and n!m is the deep statement of the correspon-
dence principle.
An immediate consequence of the correspondence theo-

rems is that large quantum jumps will occur if the classical
motion contains high harmonics. Furthermore, quantum
jumps will be highly probable if the corresponding classical
harmonics have large amplitudes. For example, if an electron
moves in a circular orbit with constant speed, then only the
fundamental harmonic ("#1) exists, and thus only small
quantum jumps (n→n!1) are possible. For an elliptical or-
bit, higher harmonics exist, and thus larger quantum jumps
are possible.
A fundamental principle of quantum mechanics is that

probabilities are proportional to squares of amplitudes. The
correspondence relation, An ,n!"+(a"(n))2, clearly illus-
trates this principle in the framework of the classical-
quantum theory. The relation between the transition prob-
ability An ,n!" and the vibration amplitude a"(n) makes
physical sense because An ,n!" is the quantum measure of
intensity #number of photons$ and (a"(n))2 is the classical
measure of intensity #energy of vibration$. The probability
An ,n!" of a quantum jump and the amplitude a"(n) of a
harmonic oscillator are more intuitive versions of probability
and amplitude than those that are typically introduced in
quantum mechanics.
In terms of line spectra, the correspondence theorems state

that for relatively small quantum jumps ("$n), atoms radi-
ate harmonics. The quantum process of jumping between
two closely spaced states produces the same spectral effects
as the classical process of accelerating in one of the states. In
particular, the light emitted #per atom$ when an actual elec-
tron makes the jump n→n!" is identical to the light radi-
ated by a virtual electron oscillating with the harmonic mo-
tion a"(n)cos!"(n)t. It is remarkable that the classical and

Fig. 2. The "th Fourier component of the electron motion in state n corre-
sponds to the quantum jump from state n to state n!" . The harmonic
amplitude a"(n) corresponds to the transition probability An ,n!" . The har-
monic frequency !"(n)#"!(n) of the orbiting electron corresponds to the
spectroscopic frequency !n ,n!" of the emitted light.

Fig. 3. In classical mechanics, the sum of the harmonics represents the
periodic motion. In quantum mechanics, the set #matrix$ of harmonics rep-
resents the quantum transitions.
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Thus, for large quantum numbers, the atomic 
spectrum coincides with a harmonic spectrum 

Umdeutung seeks to sharpen the CP, i.e., to find a translation from classical to quantum that 
is valid for all quantum numbers (not only large n).  

      
 

      
         

       

      
                            

 

       

Heisenberg and Matrix Mechanics 
Heisenberg argued that physicists should focus on empirical 

quantities, such as the frequencies of spectral lines. In particular, the 
Emission lines of the “Balmer series” frequencies of spectral lines obeyed a law of addition. 

of hydrogen 

This relationship could be extended: . In other words, an electron 
could jump from (say) m = 6 to n = 1 all at once (n16), or via 6 → 3, 3 → 1, or 6 → 3, 3 → 2, 2 → 1, 
and so on. 

Heisenberg began to consider arrays of these observable quantities, nnm. 

15

Emission lines of  hydrogen 

𝜔"# = 𝐾 ,
1
𝑚$ /−

1
𝑛$



Heisenberg’s Umdeutung (1925)

2) Heisenberg’s matrices

Assumption: The theory should contain only quantities that are observable, which are 

How are frequencies added? 

All usual (mechanical) quantities (e.g., x, p) 
are arrays of  these observable quantities 𝑥 𝑡 →;

?

𝐴*,𝑒)-%&.transition 
frequencies 
amplitudes 

𝜔*,
𝐴*,

𝜔*( + 𝜔(, = 𝐾 =
1
𝑚! − >

1
𝑘!
+
1
𝑘!
−
1
𝑛!

= 𝜔*,

If  terms are represented by                         and frequencies add, amplitudes should multiply. But how?𝐴*,𝑒)-%&.

𝐴*,𝑒)-%&. =;
(

𝐴*(𝑒)-%'.𝐴(,𝑒)-'&. 𝐴*, =;
(

𝐴*(𝐴(,

Thanks to David Kaiser for inspiration

Matrix multiplication!

(Ritz principle)
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Quantentheoretische Umdeu~ung kinematischer u. mechanischer Beziehungen. 881 

Ngherungen einfaeh berechnet werden k~nnen, wenn die Bewegung 
des Elektrons bzw. ihre Fourierdarstellung gegeben ist, so wird man in 
der Qua.ntentheorie Ahnliches erwarten. Diese Frage hat nichts mit 
Elektrodynamik zn tun, sondern s~e ist, dies scheint uns besonders 
wichtig, rein k i n e m a t i s c h e r  Natur; wir k~ffnen sie in einfaehster Form 
folgendermaJen stellen: Gegeben sei ehae an Stelle der klassischen Grille 
x (t) tretende quantentheoretische GrSSe ; welche quantentheoretische 
GrS$e trit t  da~m an Stelle yon x (t)2? 

Bevor wir diese Frage beantworten kt~nnen, miissen wir  uns daran 
erinnern, dab es in der Quantentheorie nicht mt~glich war, dem Elektron 
einen Punkt im Raum als Funktion der Zeit mittels beobachtbarer 
GraVen zuzuordnen. W-ohl aber kann dem Elektron auch in der 
Quantentheorie eine Ausstrahlung zugeordnet werden; diese Strahlnng 
wird besehrieben erstens durch die Frequenzen, die als Fnnktionen zweier 
Variablen auftreten, quantentheoretisch in der Gestalt: 

1 
v (~, ~ - -  ~) = -~  { w ( n )  - -  w ( ~  - ~)}, 

in der klassischen Theorie in der Form: 
1 d W  

v(n,~z) ~ ~ . v ( n )  ~ a h dn  

(gierin ist n. h ~ J, einer der kanonisehen Konstanten, gesetzt.) 
Als charakteristisch ~ r  den Vergleich der ]dassisehen mit der 

Qnantentheorie hinsichtlieh der Frequenzen kann man die Kombinations- 
 9 relationen anschreiben: 

Klassiseh: 
~ ( s , ~ )  + v ( . , ~ )  = v ( n , ~ . + ~ ) .  

Quantentheoretisch : 

bzw. v ( n - - f l ,  n - - O * - - l S ) + v ( n , n - - f l )  ~ -  v ( n , n - - a - - f l ) .  

Neben den Frequenzen sind zweitens zur Beschreibung der Strahlung 
notwendig die Amplituden; die Amplituden k(innen als komplexe Vek- 
toren (mit je seehs unabhingigen Bestimmungssttieken) anfgefal~t werden 
mid bestimmen Polarisation und Phase. Aueh sie sind Funktionen der 
zwei Variablen n mid ~, so dal3 der betreffende Tell der Strahhng dutch 
den ~olgenden Ausdruek dargeste]lt wird: 

Quantentheoretisch: 
~ e  {9/(n, n - -  ~) e~(".  '~-~)q.  (1) 

Klassisch : 
.~e { 91,~ (,~) e,~(,o.,,,}. (2) 

59* 

882 W. Iteiseaberg, 

Der (in 2 enthaltenen) ]Phase seheint zunachst eine physikaliscbe 
Bedeutung in der Quantentheorie nicht zuzukommen, da die Freqnenzen 
der quantentheorie mit ihren Oberschwingungen im allgemeinen nicht 
kommensurabel sind. Wit  werdeil aber sofort sehen, daft die Phase 
aueh in der Quantentheorie eine bestlmmte, der in der klassisehen Theorie 
analoge Bedeu~ung hat. Betrachten wit ietzt eine bestimmte Gr~fe x(t) 
in der klassisehen Theorle, so kann man sie reprgselltier~ denken dutch 
eine Gesamtheit von Gr~ften der Form 

~a (S) ei~(n) "~t, 

die, ~e naehdem die Bewegung periodisch ist oder nieht, zu einer Summe 
oder zu einem Integral vereinig~ x (t) darstellen: 

X (~t, t) ~ -  X a  ~c~ (n) e i m (n). a t 

bzw. + ~ (2 a) 
x(n, t) ~- -~I ~l~(n)ei~ I 

Eine solche Vereinigung der entsprechenden quantentheoretischen 
Gr~l]en scheint wegen der Gleichbereehtigung der Gr(il~en n, n - -  ct nicht 
ohne Willkiir m(iglich und deshalb nicht sinnvo]l; wohl aber kann man 
die Gesamtheit der Griiften 

~(n, n - -  ct) e i~(n,n-~)t 
als Repr~sentant der Gr(ifte x (t) auffassen und dann die obea gestellte 
Frage zu beantworten suchen: Wodurch wird die Gr(il]e x (t) 2 reprasentiert? 

Die Antwort lautet klassisch offenbar so: 

~ fl (~t) e i~ (n) flt = E a ~a  ~fl-- ~ e i~ (n) (a + f l -  a) t (3) 
- -  o c ~  

bzw. _____ ~ 2~2fl_~e~ (n)(.§ dg, (4) 

wobei dana 

bzw. 

x (t)  ~ = ~ ~ 0~) e~ ~' ~) ~ ~ ( 5 )  

-~- j" ~)~ (n) eiw(n)t~t d ~. (6) 
- - o o  

Heisenberg’s Umdeutung (1925)

Classical Quantum-theoretical

Fourier series

2) Heisenberg’s matrices
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Quantentheoretische Umdeutung kinematischer u. mechanischer Beziehungen. 883 

Quantentheoretlseh seheint es die einfachste and natiirl ichste An- 
nahme, die Beziehungen (3, 4) durch die folgenden zu ersetzen: 

+ ~  
(n,~, - -  t~),e~(~,~-~)t = ~ ~(n, ~- -~ )~  ( . - -~ ,  n--t~)  e~(~,~-~)~ (7) 

bzw. ~ _1 d o t ' ( n ,  n --~z) ~ ( n  - -  ~z, n--fl)ei~~ (s) 

und zwar ergibt  sich diese Ar t  der Zusammensetzang nahezu zwanglgufig 
aus der Kombinat ionsre]at ion der Frequenzen. Macht ma:a diese An-  
nahme (7) und (8), so erkennt man aueh~ dal] die Phasen der quanten- 
theoretischen ~ eine ebenso grol]e physikalisehe Bedeutung haben wie 
die in der klassisehen Theorle:  n u r d e r  Anfangspunkt  der Zeit and ds/her 
eine allen ~l g e m e i n s a m e  Phasenkonstante ist  wil lki i r l ieh und ohne 
physikalische Bedenttmg; doeh die Phase der e i n z e l n e n  ~ geht wesent- 
l ich in die GrSl~e ~ einl) .  Eine geometrisehe In terpre ta t ion  soleher 
quantentheoretiseher Phasenbeziehungen in Analogie  zur klassischen 
Theorle scheint zunaehst kaum mSglich. 

F ragen  wi t  welter  nach dem Repr~sentant der GrSl]e x (t) ~, so linden 
wir  ohne Sehwier igke i t :  

Klassisch : 
d-~ d-~ 

~(n, r) = ~ ~ ~, ,~ ~ (~) ~ (~*) ~-~-,~(~)" (9) 
- - ~  - - o o  

Quantentheoretisch : 

(n, ~ - r) : ~ ~ ~, ~ ~ (n, ~ - ~ )  ~ (~-~,  n - ~ - ~ )  ~ (~,-~-~,  n -  r) (lO) 

bzw. die entsprechenden Integrale.  

In  ~hnlieher Weise  lussen sieh alle GrSl]en der Form x (t) n quanten- 
theoret iseh darstellen, nnd wenn irgend eine Fnnkt ion  f[x(t)] gegeben 
ist, so kann man offenbar immer dann, wenn diese Fankt ion  nach 1)otenz - 
reihen in x entwiekelbar  ist, das quantentheoretisehe Analogon linden. 
Eine wesentliehe Schwierigkei t  entsteht  iedoeh, wenn wir  zwei GrSl]en 

. x (t), y (t) betrachten und naeh dem Produkt  x ( t ) y  (t) fragen. 

1) Vgl. auch H. A. K r a m e r s  und W. t t e i s e n b e r g ,  1. c. In die dort 
benutzten Ausdrticke fiir das induzierte Streumoment gehen die Phasen wesent- 
lich ein. 

884 W. Heisenberg, 

Sei x(t) dutch 71, y(t) dutch ~ eharakterisiert, so ergibt sieh als 

Darstellung yon x (t). y (t) : Klassisch: 

~ ( . )  -= ~ ~ ( . )~_~( . ) .  

Quantentheoretisch: 
+~ 

- - o o  

Wahrend klassisch x (t). y (t) stets gleich y (t) x (t) wird, braueht dies 
in der Quantentheorie im allgemeinen nicht der Fall zu sein. - -  In speziellen 
Fallen, z.B. bei der Bildung yon x(t).x(t) ~, tr i t t  diese Schwierigkeit 
nicht anf. 

Wenn es sich, wie in der zu Beginn dieses Paragraphen gestellten 
Frage, um Bildungen der Form 

v(t)~(t) 
handelt~ so wird man quantentheore~isch v T; ersetzen sollen durch 
v/J ~- ~v v ~ 
~ ,  um zu erreiehen, dab v/J als Differentialquotient yon -~- anf- 

tritt. In ahnlieher Weise lassen sich wohl stets naturgemii~e quanten- 
theoretisehe Mittelwerte angeben, die allerdings in noch hiiherem Grade 
hypothetiseh sind als die Formeln (7) und (8). 

Abgesehen yon der eben geschilderten Schwierigkeit diirf~en Formeln 
vom Typus (7), (8) allgemein geniigen, um aueh die Weehselwirkung der 
Elektronen in einem Atom dureh die eharakteristischen Amplituden der 
Elektronen auszudriieken. 

w 2. Nach diesen ~berlegungen, welehe die Kinematik tier Quanten- 
theorie zum Gegensfand batten, werden wit zum mechanischen Problem 
tibergehen, das auf die Bestimmung tier ?X, v, W aus den gegebenen 
Kraften des Systems abzielt. In der bisherigen Theorie wird dieses 
Problem gelSst in zwei Schritten: 

1. Integration der Bewegungsgleichung 

+ f(x) = O. (11) 
2. Bestimmung der Konstante bei periodischen Bewegungen durch 

~ ,dq  = ~ m~dx = J ( =  nh). (12) 

Wenn man sich vorn~mmt, eine qua~tentheoretisehe /Vfechanik au~- " 
zubauen, welche der klassischen mSgl]chst analog ist, so liegt es wohl 
sehr nahe, die Bewegungsgleichung (11) direkt in die Quantentheorie zu 
iibernehmen, wobei es nur notwendig ist - -  um nicht yore sicheren Fun- 
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1. Introduction

Matrix mechanics is a weird theory. We tend not to think about
this weirdness a lot because it existed as an independent theory
only for a very brief time period before it was amalgamated with
wavemechanics. The resulting quantummechanics had its own fair
share of weirdness, much discussed both historically and concep-
tually. But in its essential structure it perpetuated the approach of
classical mechanics describing states evolving through time. Matrix
mechanics circa 1925 was different. It was a spectroscopic theory,
which did not deal with states but only with transitions between
them. Although it had equations that looked a lot like the
dynamical equations of classical mechanics, it was not clear what
kind of dynamics the quantum equations were describing or if they
described a dynamics at all.

Equally mysterious as its form is the historical genesis of matrix
mechanics. A substantial amount of historical research1 has been
published on Werner Heisenberg׳s seminal 1925 paper “Über
quantentheoretische Umdeutung kinematischer und mechanischer
Beziehungen” [On quantum theoretical reinterpretation of kine-
matical and mechanical relations] (Heisenberg, 1925). We will
henceforth simply call it Umdeutung since Heisenberg׳s specific
notion of reinterpretation (Umdeutung) is an essential factor of why
the paper is so hard to understand. While substantial work has been
done to explain some of the steps that Heisenberg took, an appar-
ently irresolvable core of mystery has remained, which Steven
Weinberg described thus: “I have tried several times to read the
paper that Heisenberg wrote returning from Helgoland, and,
although I think I understand quantum mechanics, I have never
understood Heisenberg׳s motivations for the mathematical steps in

his paper.” (Weinberg, 1993, 53) We claim that this mystery is the
result of a gap in the historical narrative. In this paper we will give a
reconstruction of Heisenberg׳s work that makes plausible both his
path towards Umdeutung and the particular form of the theory that
arose from it. We do this by contextualizing Heisenberg׳s work in a
new way based on a detailed study of his research up to 1925,
especially his work on the applications of the correspondence
principle and on the intensity of spectral lines. This puts us in a
position to reassess the essential sources (both Heisenberg׳s paper
and a set of well-known letters leading up to it). Thereby we present
for the first time an understanding of several distinct intermediate
steps, which had been lumped together previously into themyth of a
single eureka moment: Heisenberg, in later recollections, claimed to
have found the key ideas for his paper in a single night during a short
trip to the island of Helgoland in the summer of 1925.

The lack of a satisfactory historical account that explains the
rationality of the process that led to Umdeutung has left ample
room for simplistic explanatory schemes, especially in popularized
Kuhnian terms of crisis and revolutionary change. The opaqueness
of Heisenberg׳s Umdeutung has indeed made it difficult to assess
the rationality of his achievement, fostering instead an attitude
according to which such creative moments cannot be further
analyzed ormay indeed be amatter of irrational external influences
(Forman, 1971). Based on our reconstruction, we will reassess such
questions of theory change and the relation between problem
solving and the construction of a new conceptual framework. In
particular, we will assess the role of Heisenberg׳s Umdeutung as the
transition from a patchwork of (quantum) problems and their so-
lutions (usually labelled old quantum theory) to what eventually
became the systematic framework of matrix mechanics.

As we will show, this transformation emerged from the attempt
to solve a specific problem (the spectroscopic intensity problem)
using the tools of the old quantum theory (the correspondence
principle). In the course of this transformation a toy model (the
anharmonic oscillator) came to play a central role by connecting the
specific problem with a generalizable framework (classical me-
chanics). The elaboration of the implications of this constellation
guided the transformation of this framework into the new theory
(matrix mechanics). This combination of bringing together theo-
retical tools and elaborating them in the context of a concrete
problem represents in our view the rational core of Heisenberg׳s
Umdeutung of classical mechanics.

* Corresponding author.
1 Jammer (2016), Van der Waerden (1967), MacKinnon (1977), Dresden (1987),

Darrigol (1992), Duncan and Janssen (1987).
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his paper.” (Weinberg, 1993, 53) We claim that this mystery is the
result of a gap in the historical narrative. In this paper we will give a
reconstruction of Heisenberg׳s work that makes plausible both his
path towards Umdeutung and the particular form of the theory that
arose from it. We do this by contextualizing Heisenberg׳s work in a
new way based on a detailed study of his research up to 1925,
especially his work on the applications of the correspondence
principle and on the intensity of spectral lines. This puts us in a
position to reassess the essential sources (both Heisenberg׳s paper
and a set of well-known letters leading up to it). Thereby we present
for the first time an understanding of several distinct intermediate
steps, which had been lumped together previously into themyth of a
single eureka moment: Heisenberg, in later recollections, claimed to
have found the key ideas for his paper in a single night during a short
trip to the island of Helgoland in the summer of 1925.

The lack of a satisfactory historical account that explains the
rationality of the process that led to Umdeutung has left ample
room for simplistic explanatory schemes, especially in popularized
Kuhnian terms of crisis and revolutionary change. The opaqueness
of Heisenberg׳s Umdeutung has indeed made it difficult to assess
the rationality of his achievement, fostering instead an attitude
according to which such creative moments cannot be further
analyzed ormay indeed be amatter of irrational external influences
(Forman, 1971). Based on our reconstruction, we will reassess such
questions of theory change and the relation between problem
solving and the construction of a new conceptual framework. In
particular, we will assess the role of Heisenberg׳s Umdeutung as the
transition from a patchwork of (quantum) problems and their so-
lutions (usually labelled old quantum theory) to what eventually
became the systematic framework of matrix mechanics.

As we will show, this transformation emerged from the attempt
to solve a specific problem (the spectroscopic intensity problem)
using the tools of the old quantum theory (the correspondence
principle). In the course of this transformation a toy model (the
anharmonic oscillator) came to play a central role by connecting the
specific problem with a generalizable framework (classical me-
chanics). The elaboration of the implications of this constellation
guided the transformation of this framework into the new theory
(matrix mechanics). This combination of bringing together theo-
retical tools and elaborating them in the context of a concrete
problem represents in our view the rational core of Heisenberg׳s
Umdeutung of classical mechanics.

* Corresponding author.
1 Jammer (2016), Van der Waerden (1967), MacKinnon (1977), Dresden (1987),

Darrigol (1992), Duncan and Janssen (1987).
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Historical research

2) Heisenberg’s matrices

Useful references



- Matrices entered quantum mechanics when Heisenberg tried to
“sharpen” Bohr’s correspondence principle and found new rules that
were consistent with quantum theoretical assumptions like doubly
indexed frequencies and the Ritz principle.

Some lessons from case 2)

- Born & Jordan soon realized that Heisenberg was operating with
matrices. In matrix mechanics, physical quantities are represented
by matrices (NOT operators), but Hamiltonian mechanics remains
valid. The goal was to diagonalize the H matrix to find energy levels.

2) Heisenberg’s matrices



Three routes to wave mechanics
(1) Gas statistics: 
• Schrödinger is unwilling to accept a new statistics for microscopic particles. 
He reads de Broglie and discovers that Bose-Einstein statistics can be 
interpreted as a Boltzmann statistics of standing matter wave modes. 

Adapted from Christian Joas’ slides

(2) Theoretical spectroscopy: 
• De Broglie’s explanation of quantum orbits as resonance phenomenon gets 
picked up enthusiastically by Schrödinger. 

(3) Hamilton’s optical-mechanical analogy: 
• De Broglie‘s use of the optical-mechanical analogy appeals to Schrödinger 
because of his own explorations of Hamiltonian mechanics around 1920 and 
leads him to wave mechanics.



Extending Hamilton’s optical-mechanical analogy

This enables us to push the analogy a step farther by picturing 
the dependence on E as dispersion, i.e., as a dependence on 
frequency. 

Mechanics

Least action (Euler, 1744)

Optics

Least time (Fermat, 1662)

We have made a mental picture of an optical medium, in which the manifold of
possible light-rays coincides with the manifold of dynamical orbits of a mass-point
m moving with given energy E

3.1) Deriving the Schrödinger equation



But u is phase-velocity. A small light-signal must move with the group-velocity g

At first sight this seems impossible

Can we make a small "point-like" light-signal move exactly like our mass-point? 

Group velocity

3.1) Deriving the Schrödinger equation



Group velocity Trigonometric identity

Adding two cosines (travelling waves) 

3.1) Deriving the Schrödinger equation



But u is phase-velocity. A small light-signal must move with the group-velocity g

At first sight this seems impossible

Can we make a small "point-like" light-signal move exactly like our mass-point? 

http://galileoandeinstein.physics.virginia.edu/more_stuff/Applets/wavepacket/wavepacket.html

We will try to make g = w

Group velocity

3.1) Deriving the Schrödinger equation



Wave equation Profile oscillates with frequency ν

Amplitude equation

Time-independent SE

Wave equation

So that g = w!

3.1) Deriving the Schrödinger equation



Born’s (“trivial”) derivation of Schrödinger’s equation

Schrödinger and the Genesis of Wave Mechanics 7

Abbildung 4. Erwin Schrödinger (1887–1961) lecturing. By permission of R. Braunizer.

From here, after all, it was no longer far to the Schrödinger equation—or so
it may seem in retrospect. As discussed, the conception of matter as a wave had
already yielded considerable successes; in particular, it made it possible to explain
the strange discreteness of quantum states, that is, the occurrence of only certain
values of energy, as resonance phenomena of vibrations. What was still missing
was—obviously—a wave equation. But wave equations were certainly well known
in classical physics, too, especially in wave optics. Take, for instance, the simplest
wave equation, which describes the spatial distribution of the amplitude of a wave,
 (x), at a fixed point in time

@2

@x2
 (x) +

4⇡2

�2
 (x) = 0. (3)

Now replace the wavelength � appearing in this equation with momentum p = h/�,
in accordance with the simple rule stated by de Broglie (Eq. (2)):

@2

@x2
 (x) +

4⇡2p2

h2
 (x) = 0. (4)
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8 Jürgen Renn

Finally, express the momentum as a function of kinetic energy using Ekin =
p2/2m = E � V , such that p =

p
2m(E � V ) (E = Ekin + V is the total energy,

where Ekin is the kinetic and V the potential energy):

@2

@x2
 (x) +

8m⇡2(E � V )

h2
 (x) = 0. (5)

And voilà—there it is, the famous Schrödinger equation!11 The quantity  (x) is
called the wavefunction in wave mechanics.

Thus, no new mathematics at all is necessary to formulate the Schrödinger
equation, and no new physical assumptions aside from the known rule by de Bro-
glie, which is in principle only an obvious extension to Planck’s relation between
energy and frequency, that is, of E = h⌫. “The idea of your work testifies to genuine
ingenuity!” Einstein wrote in the margin of a letter to Schrödinger.12

One might respond: but that cannot have been the whole story, what is then
so special about this equation that it has become the foundation of atomic physics
and has earned Schrödinger a Nobel prize; if one is bold, one may even ask what is
supposed to have been so special about its formulation? Anyone could have come
up with that! What is more, the only physics problem that Schrödinger solved in
his first work was the calculation of the spectrum of the hydrogen atom, that is,
one of the problems for which quantum theory already offered various solutions.

If one is skeptical about this achievement by Schrödinger, to the extent that
I have described it so far, one finds oneself in the best of company. Even so-
me of Schrödinger’s contemporaries questioned whether the new wave mechanics
would last any longer than a salon perm. Werner Heisenberg, for instance, reacted
dismissively. Just half a year before he had made a proposal of his own for the
establishment of quantum mechanics, for which he, too, was awarded the Nobel
Prize. In a letter to the physicist Wolfgang Pauli he passed the following judgement
on Schrödinger:

Many thanks for your wonderful book, [. . . ] reading it was real recreati-
on after Schrödinger’s lectures here in Munich. As nice as Schrödinger
is personally, I find his physics at least as strange: when you hear it
you feel 26 years younger.13

11
This is the time-independent (or stationary) Schrödinger equation. To our knowledge, this

derivation was first presented by Born in July 1926 (Born, 1926b, p. 811-812). See also (Wünsch-

mann, 2007; Ludwig, 1969). Note that Schrödinger’s own derivation proceeded along a different

path (Joas and Lehner, 2009). See also (Gerber, 1969; Kragh, 1982; Wessels, 1983) and the

discussion below.
12

Einstein to Schrödinger, 16 April 1926. Translated after (Meyenn, 2011, p. 214): “Der Gedanke

Ihrer Arbeit zeugt von ächter Genialität.”
13

Heisenberg to Pauli, 28 July 1926. Translated from (Pauli, 1979, p. 336-337): “Haben Sie

vielen Dank für Ihr schönes Buch, in dem ich zwar kritisch und unnachsichtig, aber doch mit viel

Freude gelesen habe. Es ist eben eine exakte Darstellung der physikalischen Zusammenhänge, die

vor dem Durcheinander des letzten Jahres bekannt waren, und seine Lektüre war mir eine wahre

Erholung nach Schrödingers Vorträgen hier in München. So nett Schr[ödinger] persönlich ist, so

merkwürdig find’ ich seine Physik: man kommt sich, wenn man sie hört, um 26 Jahre jünger vor.”
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Amplitude equation
De Broglie

Classically

3.1) Deriving the Schrödinger equation



Time-dependent wave equation 

[we need] to remove the parameter E  from the amplitude equation and 
introduce time derivatives instead. This is easily done. Take one of the family (13) 
(with a particular value of E), then by (21) we have

22 WAVE MECHANICS

6. Derivation of the wave equation (properly
speaking) which contains the time.

The equation

V'^ + ~{E-V)i. = 0, . (13)

which we have used for the investigation of the hydrogen
atom, only furnishes the distribution in space of the
ampHtude of the vibration, the dependence on time
always being given bv 2ntEt

i/j - e~^ (21)

The value of the frequency, E, is present in the equation,
so that we are really dealing with a family of equations,

each of the members being valid for one particular fre-

quency only. The state of things is exactly the same
as in ordinary vibration problems; our equation corre-

sponds to the so-called " amplitude equation " (see

section 3, equation (10')),

^''l' + ~4'-o, . . . (10')

and not to

V^-p-^p = 0, .... (10)

from which the former is derived in the manner described
above (namely by supposing /) to be a sine-funciion of
the time). In our case the problem is to make the analo-

gous step in the reverse direction, i.e. to remiove the
parameter E from the amplitude equation and introduce
time-derivatives instead. This is easily done. Take one
of the family (13) (with a particular value of E), then by
(21) we have

;
277/^' h )
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Using this, we get from (13)

V20 ^_ ,/,___^ = 0. . (22)

The same equation is reached whatever the value of E
may have been (for E has been ehminated). Hence
equation (22) will be valid for an arbitrary linear aggregate

of proper vibrations, i.e. for the most general wave-

motion that is a solution of the problem.

We may tentatively go a step farther and try to use it

also in the case where the potential energy V contains the

time-variable explicitly. It is by no means obvious that

this is a correct generalization, for terms with F, &c.,

might be missing—they could not possibly enter into

equation (22), in view of the way we have reached this

equation. But success will justify our procedure. Of
course it would have been nonsense to introduce the

assumption that V contained the time explicitly in

equation (13), since the condition (21), by which this

equation is restricted, would make it impossible to

satisfy (13) in the case of an arbitrarily varying F-function.

7. An atom as perturbed by an alternating
electric field.

This generalization enables us to solve the important

problem: how does an atom behave under the influence

of an external alternating electric field, i.e. under the

influence of an incident wave of light? This is a very

important question: for it contains not only the mechanism
of secondary radiation and, in particular, of resonance-

radiation, but also the theory of the changes of state of

the atom under the influence of an incident radiation of

appropriate frequency, and in addition the theory of

3.1) Deriving the Schrödinger equation



Schrödinger’s analogy/completion

Thanks to Christian Joas

3.1) Deriving the Schrödinger equation



Schrödinger’s analogy/completion

The step which leads from ordinary mechanics to wave mechanics is an advance 
similar in kind to Huygens' theory of light, which replaced Newton's theory.

Ordinary mechanics : Wave mechanics = Geometrical optics : Undulatory optics.

Typical quantum phenomena are analogous to typical wave 
phenomena like diffraction and interference.

3.1) Deriving the Schrödinger equation



75

The genesis of wave mechanics
Schrödinger’s Completion of Hamilton’s Analogy

ray optics
corpuscular 
mechanics

optical-mechanical
analogy

wave optics

limit of short 
wavelength

limit of short 
wavelengthSchrödinger’s

completion

Corpuscular mechanics is merely a limiting 
case of a more general wave mechanics! 

?wave 
mechanics

24/04/2023

Slide from Christian Joas

3.1) Deriving the Schrödinger equation



- Schrödinger’s original derivation combined 3 elements:
1. Hamilton’s optical-mechanical analogy
2. 𝐸 = ℎ𝜈
3. Particle velocity = Group velocity

Some lessons from case 3.1)

- Time-dependent was derived later, substituting the parameter
𝐸 by the time derivative of 𝜓.

- Schrödinger’s overarching goal was to complete Hamilton’s
optical-mechanical analogy. Corpuscular mechanics is a limiting
case of a more general wave mechanics!

3.1) Deriving the Schrödinger equation



Why is the wave function complex?

Schrödinger

Griffiths p.1       p.2 

What is unpleasant here, and indeed directly to be objected to, is the use of complex 
numbers. ψ is fundamentally a real function (Schrödinger to Lorentz on June 6, 1926) 

𝑖ℏ
𝜕𝜓
𝜕𝑡

= '𝐻𝜓

Complex numbers in the birth of wave mechanics

3.2) Complex numbers in wave mechanics



Schrödinger’s struggles with a complex 𝜓 

34

The wave equation

• 1926: Schrödinger publishes series 
of four communications in Annalen 
der Physik: “Quantization as an 
Eigenvalue Problem.”


• This is where what is now known as 
the Schrödinger equation comes 
from.


• Original notation:

Schrödinger’s four communications 
(1926)

24/04/2023

3.2) Complex numbers in wave mechanics



Harmonic oscillator

H e f t  28.  
9, 7. I 9 ~6  J 

SCItRODINGER: Der stetige 1Jbergang v o n d e r  Mikro- zur Makromechanik. 

gJ~ 

Polynome~).  Mit  e ~ und m i t  dem , ,Normie-  

rungs t ak to r "  (2~n!) 2 mult ipl iz ier t ,  werden  sie 
als H~R~ITnsche Or thogona l funk t ionen  bezeichnet .  
Diese b i lden also die Ampl i t uden  der Eigen-  
schwingungen.  Die ersten IiinI s ind in Fig. I dar-  
gestellt .  Die Ahnl ichkei t  m i t  dem wohlbekann ten  
Bi ld  der  Sa i tenschwingungen is t  b ier  sehr weit-  
gehend. 

Es  m u t e t  im ersten Momen~ rech t  b izarr  an, 
einen Vorgang,  der  nach  der  bisherigen Auffassung 
der  P u n k t m e c h a n i k  angeh6rt ,  durch  ein Sys t em 
solcher Eigenschwingungen  zu beschreiben.  Ich 
m6chte  hier  an  dem gew~hlten einfachen }3eispiel 
den CTergang  zur makroskopischen  Mechanik  in 

- - 0 ~  

Fig. I. 
(AuBerhalb des dargestellten Bereiches -- 3 ~-~ x ~ + 

665 

znsammengefaBt ,  was, wie m a n  le icht  fiberlegt~), 
darauf  h inauskommt ,  eine re la t iv  schmale Gruppe  
in der  U m g e b u n g  des n-Wer tes  

A 2 
~ = - -  (6 )  

2 

herauszugreifen.  Die Ausf t ihrung der  S u m m e  in (4) 
wird geleistet  dtirch die in x und s ident ische Be- 
ziehung 2) 

- -  - S ~ + 2 8 ~  - - - -  
~ 8 ~ e  ~ H~(x) == e 2 (7) 

n = 0  

Also 
A ~ 4 ; ~ i v 0 t  + 2 ~ i v 0 t  x "~ 

~ i V o t  - - -  e A ~ e  
= e 4 ~ (8) 

N i m m t  man  nun, wie vorgesehen,  den reellen Teil  

?Z=4e 

rz~2 L /  A / \ I A  / \ 
/ X / \1f \ / / l----a&_--_.__2 

, ~ 4-3£" 

Die ersten ftinf Eigenschwingungen des PLANCKschen Oszillators nach der Undulationsmechanik. 
3 ni~hern sich alle ftinf Funktionen monoton der x-~-chse.) 

concreto demonstr ieren,  indem ich zeige, dab eine 
Gruppe yon  Eigenschwingungen mi t  hoher Ord- 
nungszahl  n ( , ,Quantenzahl")  und re la t iv  kleinen 
Ordnungszahldi i ferenzen (,, Quantenzahldi f feren-  
zen")  e inen , ,3/lassenpuakt" darzustel len vermag,  
welcher  die nach  der  gew6hnl ichen Mechanik  zu 
e rwar tende  , ,Bewegung"  ausfiihrt ,  d. h. mi t  der 
F requenz  v o oszilliert .  I ch  w~ihle eine ZahI A >~ i 
(d. h. ,,groB gegen i " )  und bi lde folgendes Aggregat  
von  Eigenschwingungen  

x~ (4) oo 

= e~iVot2,{A-- e2zi%tl  n I e 2H~(x)  

Es werden  also die normierten Eigenschwingungen 
(s. o.) mi t  den  Koeff iz ienten  

A" 
~ 2 ~ .  (5) 

1) Vgl. COURAN~-HILB~RT, Methoden der mathe- 
matischen Physik I, Nap. II ,  § io, 4, S. 76 (Berlin : Sprin- 
ger 1924). 

der rechten Seite, so kommt nach. kurzer Zwischen- 
rechnung 

x' @(x - x cos~-~,,0t)~ } 

Dies das Endresuttat, an dem zun~chst  der  erste 
F a k t o r  yon Interesse ist. E r  stel l t  einen re la t iv  
hohen und  schmalen  , B u c k e l "  yon  der  GestaI t  
einer , ,GAussschen Feh l e rku rve"  dar, welcher  je- 
weils in der  U m g e b u n g  der  Stelle 

x = A c o s 2 ~ v 0 t  ( i o )  

iiegt. Die 13reite des Buckels  ist  v o n d e r  GrSBen- 
ordnung i ,  a l s o  nach  Vorausse tzung sehr klein 
gegen A. Nach  (io) oszilliert  der I3uckel genau 

1) Z n  hat  ]i~r groJ3es z als FunCtion yon n ein 
einziges ex~em hohes und relativ sehr scharfes Maxi- 
mum bei n = z. Durch Quadratwurzelziehen erhi~lt 

A 2 
man mit  z = -  die Zahtenreihe (5). 

2 
2) COURANT-HII~BERT, 1. C. Gleichung (58). 

“A group of proper vibrations 
may represent a particle”

II. FROM MICRO- TO MACROMECHANICS

Let us start by showing how Schrödinger tried to attach physical meaning only to the

real component of his wave function. This is easily seen in a short paper published by him in

the journal Naturwissenschaften9. In it, Schrödinger writes the eigenfunctions representing
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>:
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�x2

2 Hn(x)e2⇡i⌫nt

(⌫n = 2n+1
2 ⌫0 ; n = 0, 1, 2, 3...)

(1)

and stresses that “on the right-hand side, the real part is to be taken, as usual”10, which is

similar to the use of complex exponentials in classical wave theory. He even goes on to plot

the first five graphs of Re( n) (Fig. 1) and remarks that “the similarity between this and

the well-known picture of the vibrations of a string is remarkable.”

FIG. 1. First five plots of the real parts of  n for t = 0 (Ref. 9, p. 665).
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n may represent a “particle”, which is executing the “motion”, expected from the usual

mechanics.” In order to do that, he writes the sum of (normalized) proper vibrations as

 =
1X

n=0

✓
A

2

◆n
 n

n!
= e

⇡i⌫0t
1X

n=0

✓
A

2
e
2⇡i⌫0t

◆n 1

n!
e
�x2

2 Hn(x), (2)

which, after using a mathematical identity (cf. Ref. 4, Eq. (58), p. 76), becomes
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Taking the real part of 𝜓
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Source: Chapter 14.6  
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nach demjenigen  Gesetz, das sich ftir einen 
Massenpunkt  mi t  der  Energ ie funkt ion  (i) aus 
der  gew6hnlichen 2vIechanik ergeben wiirde. 
Die Ampl i tude ,  in x gemessen, is t  A, in q ge- 
messen also 

Ftir  die Energie eines Massenpunktes  m, der mi t  
dieser Ampl i tude  und m i t  der  F requenz  v 0 osziltiert, 
ergibt  die gew61mliche Mechanik  

2 ~ a 2 r ~  m A2 
= - -  h Vo (~2) 

2 

d. i. nach (6), gerade n h vo, wo n die mi t t l e re  Qua.n: 
t enzahl  der herausgegriffenen Gruppe.  Die , ,Kor- 
respondenz"  ist  also such  in dieser Hins ich t  eine 
vo l lkommene .  

Der  zweite F a k t o r  in (9) ist  im al lgemeinen so- 
wohl  yon  x aN such  yon t eine sehr rasch veri inder-  
fiche Funk t ion  v o m  Abso lu tbe t rag  ~ i ,  welche 

st~ndlich - -  doch m6chte  ich an dieser Stelle 
hierauf  n ich t  n~her eingehen.  

Unsere WeIlengruppe hdtt dauernd zusammen, 
bre i t e t  sich nicht im Laufe  der Zeit  auf ein immer  
gr6Beres Gebie t  aus, wie m a n  es sonst, z. B. in der  
Optik,  gewohnt  ist. Das  will freilich hier  im eindi- 
mensionalen nicht  v ie i  sagen, ein Buckel  auf  einer 
Saite  verh~ilt sich ganz ~hnlich. N a n  erkermt  aber  
leicht, dab  sich durch Mul t ip l ika t ion  von  zwei bzw. 
drei Ausdri icken wie (4), der  eine in x, der  andere  in y, 
der  dr i t t e  in z geschrieben,  such  der  ebene bzw. der  
riiumliche Oszillator darstel len 1/iBt, d. h. eine ebene 
oder  eine r~iumliche Wel lengruppe,  die auf  ether 
harmonischen  Ell ipse uml~iuftl). Auch  eine solche 
Wel lengruppe  ble ibt  dauernd  beisammen,  im 
Gegensatz  z. B. zu e inem Wel l enpake t  der  klassi- 
schen Optik,  das sich im Laufe  der Zeit  zerstreut .  
Der  Unterschied  dtirf te davon  herrt ihren,  dab unsere 
Gruppe  aus einzehlen dislcreten harmonischen  
K o m p o n e n t e n  aufgebaut  ist, n ich t  aus e inem 
Kontinuum yon  solchem 

Ich  m6chte  schlieBlich noch erw~hnen,  dab eine 

Fig. 2. 

-5 0 ÷ 5 ~-10 v V t 1 7  - ÷20 

Pendelnde Wellengruppe als undulationsmechanisches Bild des Massenpunktes. 

viele t iefe und schmale Furchen  in das Ant l i tz  des 
ersten Fak to r s  gr~tbt und so eine Wellengruppe 
daraus  maclat, deren Bild - -  nu r  ganz schemat isch 
- -  in Fig. 2 wiedergegeben ist. Der  Abszissen- 
mal3stab der  Fig.  2 is t  nat t i r l ich vie l  k le iner  als 
in Fig. I ; Fig. 2 miiBte f~nfmM verg r6ge r t  werden, 
u m  mi t  Fig. I d i rek t  vergle ichbar  zu seim E ine  
genauere  B e t r a c h t u n g  des zwei ten Fak to r s  in (9) 
offenbar t  folgendes in teressante  Detail ,  das in der  
Fig. 2, die nur  ein Stad ium darstel l t ,  n ich t  zum 
Ausdruck  kommt .  D i e  Anzahl und Breite der  
,,Furchen" oder , ,Wel lchen" ,  welche den ~[ass6n- 
punk t  durchsetzen,  is t  zeit l ich ver~nderl ich.  Die  
Wel lchen sind am zahlreichsten nnd schm~lsten beim 
Durchgang  durch  die Mitre  x = o; sie werded 
vSltig ausgegliittet an den Umkehrs te l l en  x = ~ A, 
well  dor t  nach  (Io) der cos 2 er r0 t =- ~= I u n d  daher  
der  sin 2 z r o t = o wird, so dab der  zweite  F a k t o r  
in (9) gar  n ich t  yon x abh~ngt .  Die  gesamte  Aus- 
dehnung der  Wel lengruppe  (,,Dicke des Massen- 
punk tes" )  ble ibt  j e d o c h  s te ts  dieselbel Die V e r -  
Xndertichkeit  der , ,KrXuselung" ist  als eine Ab- 
h~ingigkeit yon der Geschwindiglceit' aufzufassen 
und als solche nach  a l igemeinen nndula t i0ns-  
mechanischen  GesichtsDunkten vo l lkommen  v e t -  

gemeinsame addi t ive  Kons tan te ,  sagen wir U, die 
eigentl ieh in (3) zu allen ~,~ hinzuzuft igen ist  (ent- 
sprechend der  , ,Ruhenerg ie"  des Massenpunktes)  
n ichts  wesentl iches ~tndert. Es  t r i t t  nur  in der 
eckigen K l a m m e r  in  (9) der  Addend 2 a Ut hinzu.  
Dadurch  werden  die Oszil lat ionen innerhalb der  
Wel lengruppe  zeitlich sehr viel  rascher,  w~hrend 
das durch  (IO) beschriebene Pendeln  der  Gruppe 
als ganzer  und ebenso ihre Kr~uselung davon  ganz 
unbei ' i ihr t  bleibem 

Es  l~fit sich m i t  B e s t i m m t h e i t  voraussehen,  dab 
m a n  auf ganz ~hnliche Weise auch die Wellen- 
g r u p p e n  konst ru ieren  k a n n ,  wetche auf  hoch- 
quant igen  Keplerel l ipsen umlaufen  und das un- 
dula t ionsmechanische  Bild des Wasserstoff-  
e lektrons stud; nnr  sind da  die rechentechnischen 
Schwier igkei ten gr6ger als in d e m  bier  behandel-  
ten, gunz besonders e infachen Schulbeispiel.  

1) Es set hier die; interessante ~emerkung ein- 
gesct~Mtet, dal3 fiir den ebenen Oszillator die Quanten- 
niveaus ganzzahlig, ffir den ~?iumNche~ dagegen vdeder 
,,halbzahlig" werden. J~,hnliches gi l t  fiir den Rotator. 
Die spektroskopisch so bedeutungsvolle Halbzahligkeit 
hf~hgt also mi~ der unge/ade,7~ I)imensionszahl des Rau- 
rues zusammen. 

Zoom in: Particles are wave groups

A bold prediction
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From micro to macromechanics (Schrödinger, 1926)

3) Taking the real part of (

“Our wave group always remains compact, and does not
spread out into larger regions as time goes on, as we
were accustomed to make it do, for example, in optics”

A bold (but false) prediction

3.2) Complex numbers in wave mechanics



, which leads to𝜓	~ real part of 𝑒±
!"#$%
&

𝜕!𝜓
𝜕𝑡! 	= −

4𝜋!𝐸!

ℎ! 𝜓

Square the TI equation and substitute ∇! −
8𝜋!

ℎ! 𝑉
!

𝜓 +
16𝜋!

ℎ!
𝜕!𝜓
𝜕𝑡! 	= 0

This is the uniform and general wave equation for the scalar 
field 𝝍. It is no longer of the simple type, but is of the fourth 
order, similar to some in elasticity (vibrating plate) 

4th communication: Eliminate the E parameter from the TI equation ∇!𝜓 +
8𝜋!

ℎ! (𝐸 − 𝑉)𝜓 = 0

Avoiding i in the TDSE
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• No problem with a complex wave function is mentioned

• No discussion about “real” and “imaginary” parts of 𝜓

• 4 Lectures (1928): The problem is to remove the parameter E  from the amplitude 
equation and introduce time derivatives instead. This is easily done.

• The Exchange of Energy according to Wave Mechanics (1927) 

Footnote: The wave function must be essentially complex

Meantime, there is no doubt a certain crudeness in the use of a complex wave

function. If it were unavoidable in principle, and not merely a facilitation of the

calculation, this would mean that there are actually two wave functions [ r and

 i], which must be used together in order to obtain information on the state of

the system. This somewhat unacceptable inference is to be replaced, I believe,

by a much more congenial interpretation that the state of the system is given

by a real function and its time derivative. Our inability to give more accurate

information about this is intimately connected with the fact that, in the pair of

equations (4”), we have before us only the substitute - although extraordinarily

convenient for the calculation - of a real wave equation of probably the fourth

order, which, however, I have not succeeded in forming for the non-conservative

case. (Ref. 11, p. 123, with minor changes made by the author).

V. ACCEPTING A COMPLEX  AND INTERPRETING   

As we have seen, Schrödinger’s fourth communication on wave mechanics ends with a

tone of dissatisfaction regarding the complex nature of the wave function. One year later,

in a publication entitled The Exchange of Energy according to Wave Mechanics20, these

statements of frustration are no longer to be found. The first equation of the paper

r2
 � 8⇡2

h2
V  � 4⇡i

h
 ̇ = 0, (15)

is followed by a footnote stating that “the wave function must be essentially complex”, which

suggests that Schrödinger might have accepted a complex  by then.21

Another indication of this conjecture is found in a series of lectures delivered by

Schrödinger in March 1928 at the Royal Institution in London23, which were intended

as a general exposition of the theory. In the derivation of his time-dependent equation,

he argues that the goal is to “remove the parameter E from the amplitude equation [Eq.

(5)] and introduce time derivatives instead”, and claims that “this is easily done”. Writ-

ing, as usual, the time dependence of  as a complex exponential
⇣
 ⇠ e

2⇡iEt
h

⌘
, he simply

di↵erentiates it once with respect to time

 ̇ =
2⇡iE

h
 (16)
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in the beginning of his fourth communication.13 In essence, Schrödinger wanted to eliminate

the energy-parameter E from his time-independent equation, written as

r2
 +

8⇡2

h2
(E � V ) = 0, (5)

so that the new equation would not depend on a definite E and would contain time explicitly.

The first step is to assume a periodic time dependence, which he wrote

 ⇠ real part of (e±
2⇡iEt

h ), (6)

then di↵erentiate  twice with respect to time

@
2
 

@t2
= �4⇡2

E
2

h2
 , (7)

and substitute (7) in (5) to obtain14

✓
r2 � 8⇡2

h2
V

◆2

 +
16⇡2

h2

@
2
 

@t2
= 0. (8)

This equation is, according to Schrödinger, “the uniform and general wave equation for

the scalar field  .” In other words, this is the time-dependent Schrödinger equation, as it

was written in a publication for the first time. Eq. (8) is of the fourth order, similar to the

equation describing a vibrating plate15, and is much more complicated than the first order

in time one we are used to.

In order to eliminate the energy parameter from the time-independent equation, one

would nowadays simply di↵erentiate (6) once with respect to time and substitute the re-

sult in (5). However, this would imply having the imaginary unit i explicitly in the time-

dependent equation and it is reasonable to assume, together with Yang5, that Schrödinger

was consciously trying to avoid having an explicit i in his fundamental equation.

IV. LOOKING FOR A UNIQUE RELATION BETWEEN  r AND  i

The derivation of the fourth order equation (8) is related to a more fundamental argument

to be presented as follows. One can demystify the puzzle of a complex wave function

describing physical reality by considering it a way to represent two real functions,  r and  i,

so that  =  r + i i. If one succeeds in finding a unique relation between  r and  i, then

5

Accepting and justyfing a complex 𝜓

3.2) Complex numbers in wave mechanics



Is it possible to ascribe a definite physical meaning to the quantity ψ
in such a way that the emission of light with frequencies νkkʹ = νk − νkʹ 
becomes intelligible? Yes, it is, but - strange to say - only if we make 
use of the complex ψ-function as it stands, instead of its real part, as 
we are accustomed to do in ordinary vibration problems. 

and substitutes in (5) to obtain (15), the equation we are familiar with, which contains

i explicitly. Afterwards, he claims that this equation describes “the most general wave-

motion” and no problem related to the presence of the imaginary unit, or that one must

take only the real part of  , is alluded to.

However, in a particular moment of the lectures associated with the physical meaning of

the wave function, Schrödinger does mention the issue and even presents a justification for

why  needs to be complex. In his own words:

Now return to the general vibration function [Eq. (9)]. We put the question: is

it possible to ascribe a definite physical meaning to the quantity  in such a way

that the emission of light with frequencies ⌫kk0 = ⌫k � ⌫k0 becomes intelligible?

Yes, it is, but - strange to say - only if we make use of the complex  -function

as it stands, instead of its real part, as we are accustomed to do in ordinary

vibration problems. (Ref. 23, p. 17).

Schrödinger seems to imply that we need a complex  if we want to be consistent with

the Bohr frequency relation, which was imposed, from the start, in the matrix mechanics

formulation. The central hypothesis of wave mechanics is that “the square of the absolute

value of  is proportional to an electric density, which causes emission of light according to

the laws of ordinary electrodynamics”.24 The absolute square of  is obtained by multiplying

Eq. (9) by its complex conjugate, and one can see that the resulting expression

  =
1X

k=0

1X

k0=0

ckck0ukuk0e
2⇡i(⌫k�⌫k0 )t, (17)

contains “time in the form of cosine factors of the desired frequencies ⌫kk0 = ⌫k � ⌫k0”. Since

the physical meaning is now attached to   , which is a real quantity, it is less of a problem

that  itself is complex.

But if the physical meaning is on   , “why not replace the wave equation by an equation

which describes the behaviour of   directly?”. Here is Schrödinger’s answer:

Maxwell’s equations describe the behaviour of electromagnetic vectors. But

these are not really accessible to observation. The only things that are ob-

servable are the ponderomotive forces, or, if you please, the energy, since the

forces are caused by virtual energy-di↵erences. But all these quantities (energy,

9
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Maxwell’s equations describe the behaviour of electromagnetic vectors. But 
these are not really accessible to observation. […] all observable quantities 
(energy, Maxwellian-stresses) are quadratic functions of the field-vectors. 

We might desire to replace Maxwell’s equations by others, that determine 
the observable quadratic functions of the field-vectors directly. But this 
would mean an immense complication and that it would not really be 
possible to do without Maxwell’s equations. 
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principle) and corpuscular mechanics (Maupertuis’s principle). Almost a century later, this optical-
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mechanics is an approximation to the new undulatory mechanics, just as ray optics is an approximation
to wave optics. This completion of the analogy convinced Schrödinger to stick to a realist interpretation
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use of the optical-mechanical analogy can be traced in his research notebooks, which offer a much more
complete picture of the development of wave mechanics than has been previously thought possible.
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1. The roots of wave mechanics

The genesis of wave mechanics has been treated by many
authors. In a first stage, these studies relied mostly on Erwin
Schrödinger’s published works and reminiscences of his collea-
gues (Gerber, 1969; Klein, 1964; Kubli, 1970). These accounts have
been substantially revised by historians who also considered the
existing correspondence (Hanle, 1971, 1977, 1979; Raman &
Forman, 1969; Wessels, 1979). The various authors have drawn
different conclusions about the roots, the trajectory, and the goals
of Schrödinger’s project on wave mechanics, which we will
discuss in more detail below. However, in the years from
1925–1927, Schrödinger wrote, besides his well-known four
communications on wave mechanics (Schrödinger, 1926b,
1926c, 1926e, 1926f) and several other relevant publications
(e.g., Schrödinger, 1926d) dozens of notebooks comprising
hundreds of pages. These notebooks are an obvious source for a
more detailed understanding of his work and his ambitions in the

years of the creation of wave mechanics. Schrödinger’s notebooks
have been discussed by Kragh (1982, 1984) and Mehra and
Rechenberg (1987a, 1987b). Both found various tantalizing
passages from the notebooks relevant for the discussion. However,
both limit themselves to the study of a small set of notebooks
with immediate relevance to the roots of the wave equation.
Mehra and Rechenberg give extensive summaries of these note-
books but do not attempt to use them for a coherent picture of the
genesis and development of wave mechanics.

We have studied a larger set of 27 notebooks contained in the
AHQP1 that we identified as possibly stemming from the period of
the development of wave mechanics, as well as five earlier
notebooks and manuscripts important for the prehistory of
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reel and document numbers, as shown in Fig. 1. The AHQP dating is incorrect for
some of the notebooks, especially for the early and later ones. However, since the
evidence is rather ambiguous in many cases, we will not attempt to give dates for
all the notebooks in the list, but will only discuss in the text the dating for the
notebooks that we treat in more detail.
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Some lessons from case 3.2)

- Schrödinger was initially looking for physical meaning of the real
component of his wave function.

- An awareness of Schrödinger’s original struggles to accept a complex
wave function could be comforting for students who are puzzled by a
complex psi.

- Why not discuss Schrödinger’s micro-macro paper when solving the
quantum harmonic oscillator in QM courses?



4) Born’s statistical interpretation

Assumption: Definite states before and after collision
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Figure 10.2: Elastic hard-sphere scattering.
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Figure 10.3: Particles incident in the area dσ scatter into the solid angle d".

More generally, particles incident within an infinitesimal patch of cross-sectional area dσ
will scatter into a corresponding infinitesimal solid angle d" (Figure 10.3). The larger dσ is,
the bigger d" will be; the proportionality factor, D(θ) ≡ dσ/d", is called the differential
(scattering) cross-section:1

dσ = D(θ) d". (10.3)

1 This is terrible language: D isn’t a differential, and it isn’t a cross-section. To my ear, the words “differential cross-
section” would attach more naturally to dσ . But I’m afraid we’re stuck with this terminology. I should also warn
you that the notation D(θ) is nonstandard—most people just call it dσ/d" (which makes Equation 10.3 look like a
tautology). I think it will be less confusing if we give the differential cross-section its own symbol.

Before

345 17.2 Born’s probabilistic interpretation (1926)

Soon after, he complained that, while he admired the power of Schrödinger’s equation
in simplifying the evaluation of matrix elements in quantum mechanics, Schrödinger’s
interpretation

‘throws overboard everything which is ‘quantum theoretical’: namely, the photoelectric
effect, the Franck[–Hertz] collisions, the Stern–Gerlach effect, . . . ’

In addition, there was the problem of understanding the electron diffraction experiments
in crystals and collision phenomena involving electrons. In interpreting these experiments,
it had to be assumed that the waves dispersed, the classical analogue being Huygens’
construction for the interference of light waves, and so how could the stability of the
particle as a discrete entity be explained by Schrödinger’s picture? The new interpretation
came from Born’s study of the scattering of electrons by atoms.

17.2 Born’s probabilistic interpretation of the
wavefunctionψ (1926)

In his Nobel Prize speech of 1954, Born explained that he was opposed to Schrödinger’s
interpretation:

‘On this point, I could not follow him. This was connected with the fact that my Institute
and that of James Franck were housed in the same building of the Göttingen University.
Every experiment by Franck and his assistants on electron collisions (of the first and
second kind) appeared to me as a new proof of the corpuscular nature of the electron.’
(Born, 1961a)

Born set about carrying out a quantum mechanical calculation of the scattering of charged
particles such as α-particles or electrons by atoms using wave mechanical techniques. As
he remarked,

‘. . . among the various forms of the theory, only Schrödinger’s formalism proved itself
appropriate for this purpose; for this reason I am inclined to regard it as the most profound
formulation of the quantum laws.’ (Born, 1926a)

These remarks were made in a preliminary report of his calculations which were explained
in much more detail in two further papers (Born, 1926b,d). The analysis involved what
became known as the Born approximation, in which the incoming particle is represented
by plane-wave functions incident upon the scattering centre from the positive z-direction.
The scattered outgoing waves are represented by plane waves at infinity. Born treated the
scattered wave as a first-order perturbation of the combined unperturbed wavefunctions of
the scattering centre and the incoming particle. If the unperturbed wavefunction of the atom
is ψ0

n (q) and the energy of the incoming electron E = p2/2me = h2/2meλ
2, he took the

eigenfunction of the unperturbed system to be

ψ0
nE (q, z) = ψ0

n (q) sin(2π z/λ) , (17.7)
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Zur Quantenmechanik der Sto~vorg~nge. 
[Vorl~ufige Mitteilung. I)] 

Von Max Born, GSttingen. 

(Eingegangen am 25. Juni 1926.) 

Durch eine Untersuchung der S~oflvorg~nge wird die Auffassung entwickelt, daft 
die Quantenmechanik in der S chrSdingerschen Form nicht nat die station~ren 

Zustande, sondern auch die Quantenspriinge zu beschreiben gestattet. 

Die yon H e i s e n b e r g  begriindete Quantenmechanik ist bisher aus- 
scMieflich angewandt worden zur Berechnung der stationaren Zustande 
und der den [Tbergangen zugeordneten Schwingungsamplitudeu (ich ver- 
meide absichtlich das Wort ,Ubergangswahrscheinlichkelten"). I)abei 
schelnt sich der inzwischen weir entwickelte Formalismus gut zu be- 
w~hren. Aber diese Fragestellung betrif~t nur eine Seite der quauten- 
theoretisehen Probleme; daneben erhebt sich als ebenso wichtig die Frage 
nach dem Wesen der ,,iJberg'~nge" selbst. Hinslchtlich dleses Punktes 
seheint die Meinung geteilt zu sein; viele nehmen an, daf das Problem 
der Uberg~nge vonde r  Quantenmeehanik in der vorliegenden Form n ich t  
errant wird, sondern da~ hier neue Begriffsbildungen n~tig sein werden. 
Ieh selbst kam durch den Eindruek der Geschlossenheit des logischen 
Aufbaues der Quantenmeehanik zu der Wermu~ung, da~ diese Theorie 
vollstandig sein und das ~lbergangsproblem mit enthalten miisse. Ich 
glaube, daft es mir ietzt gelungen ist, dies naehzuweisen. 

Schon Bohr  hat die Aufmerksamkeit darauf geriehtet, dad alle 
prinziplellen Schwierigkelten der Quautenvorstelluugen, die uns bet der 
Emission und Absorption yon Lieht durch Atome begegnen, auch bet der 
Wechselwlrkung yon Atomen auf kurze Entfernung auf~re~en, also bet 
den S~ofvorgangen. Bei diesen hat man es start mit dem noch sehr 
dunklen Wellen~elde aussehlieflleh mlt Sys~emen materleller Teilchen zu 
tun, die dem Formallsmus der Quantenmechanik unterliegen. Ich habe 
daher das Problem in Angriff genommen, die Wechselwirkung eines 
freien Teilchens (v.-Strahls oder Elektrons) und eines beliebigen Atoms 
n~her zu untersuchen und festzustellen, ob nicht innerhalb des Rahmens 
der vorliegenden Theorie eine Besehreibung des Stofvorganges mSglieh isL 

1) Diese Mitteilung war urspriinglich fiir die ,,~Naturwissenschaften" bestimmt, 
konnte aber dort wegen Raummangel nicht aufgenommen werden. Ich hoffe, dab 
ihre VerSffentlichung an dieser Stelle nicht iiberflfissig erseheint. 

Zeitschrift fiir Physik. Bd. XXXVII. 57 



4) Born’s statistical interpretation

Overview
• Heisenberg’s QM is applied only to (periodic) stationary states, what 

about (aperiodic) transitions?

• Collision processes (scattering) are crucial and should be described by 
the QM formalism. 

• ”Of the different forms of the theory only Schrödinger’s has proved 
suitable for this process, and for this reason I might regard it as the 
deepest fomulation of the quantum laws.”

• Assumption: Definite states before and after collision
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More generally, particles incident within an infinitesimal patch of cross-sectional area dσ
will scatter into a corresponding infinitesimal solid angle d" (Figure 10.3). The larger dσ is,
the bigger d" will be; the proportionality factor, D(θ) ≡ dσ/d", is called the differential
(scattering) cross-section:1

dσ = D(θ) d". (10.3)

1 This is terrible language: D isn’t a differential, and it isn’t a cross-section. To my ear, the words “differential cross-
section” would attach more naturally to dσ . But I’m afraid we’re stuck with this terminology. I should also warn
you that the notation D(θ) is nonstandard—most people just call it dσ/d" (which makes Equation 10.3 look like a
tautology). I think it will be less confusing if we give the differential cross-section its own symbol.
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345 17.2 Born’s probabilistic interpretation (1926)

Soon after, he complained that, while he admired the power of Schrödinger’s equation
in simplifying the evaluation of matrix elements in quantum mechanics, Schrödinger’s
interpretation

‘throws overboard everything which is ‘quantum theoretical’: namely, the photoelectric
effect, the Franck[–Hertz] collisions, the Stern–Gerlach effect, . . . ’

In addition, there was the problem of understanding the electron diffraction experiments
in crystals and collision phenomena involving electrons. In interpreting these experiments,
it had to be assumed that the waves dispersed, the classical analogue being Huygens’
construction for the interference of light waves, and so how could the stability of the
particle as a discrete entity be explained by Schrödinger’s picture? The new interpretation
came from Born’s study of the scattering of electrons by atoms.

17.2 Born’s probabilistic interpretation of the
wavefunctionψ (1926)

In his Nobel Prize speech of 1954, Born explained that he was opposed to Schrödinger’s
interpretation:

‘On this point, I could not follow him. This was connected with the fact that my Institute
and that of James Franck were housed in the same building of the Göttingen University.
Every experiment by Franck and his assistants on electron collisions (of the first and
second kind) appeared to me as a new proof of the corpuscular nature of the electron.’
(Born, 1961a)

Born set about carrying out a quantum mechanical calculation of the scattering of charged
particles such as α-particles or electrons by atoms using wave mechanical techniques. As
he remarked,

‘. . . among the various forms of the theory, only Schrödinger’s formalism proved itself
appropriate for this purpose; for this reason I am inclined to regard it as the most profound
formulation of the quantum laws.’ (Born, 1926a)

These remarks were made in a preliminary report of his calculations which were explained
in much more detail in two further papers (Born, 1926b,d). The analysis involved what
became known as the Born approximation, in which the incoming particle is represented
by plane-wave functions incident upon the scattering centre from the positive z-direction.
The scattered outgoing waves are represented by plane waves at infinity. Born treated the
scattered wave as a first-order perturbation of the combined unperturbed wavefunctions of
the scattering centre and the incoming particle. If the unperturbed wavefunction of the atom
is ψ0

n (q) and the energy of the incoming electron E = p2/2me = h2/2meλ
2, he took the

eigenfunction of the unperturbed system to be

ψ0
nE (q, z) = ψ0

n (q) sin(2π z/λ) , (17.7)
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After?

The task is clear:
- Solve the Schrödinger wave equation for the system atom-plus-electron
- Boundary condition: solution in a preselected direction of electron space goes over assymptotically 
to a plane wave exactly in this direction (ariving electron)
- The unperturbed electron corresponds to eigenfunctions  sin ⁄2𝜋 𝜆 𝛼𝑥 + 𝛽𝑦 + 𝛾𝑧 + 𝛿
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Assumption: Definite states before and after collision
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After?

Result: The scattered wave created by this perturbation has assymptotically at infinity the form
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After

If one wants to interpret this result in terms of particles rather than waves, then
there is only one interpretation possible: 𝜙=#> 𝛼, 𝛽, 𝛾 gives the probability* that
the electron coming in from the z direction will be thrown into the direction
determined by 𝛼, 𝛽 and 𝛾 (and with a phase of 𝛿).

*Addition in proof: More careful considerations show that probability is proportional to the 
square of  𝜙*(, 𝛼, 𝛽, 𝛾
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866 ~ax Born, 

bestimmte Richtung (und mit einer Phasen~nderung ~) gewoffen wlrd, 
wobei seine Energie v u m  ein Quant h u~ auf Kosten der Atomenergie 
zugenommen hat (Stoll ersterArt ftir W ~ ~ W ~ hu~ ~ 0; Stol] zweiter 
Art ~ r  W2 > W~, h v ~ < 0). 

Die Schr~d ingersehe  Quantenmechanlk glbt also auf die Frage 
naeh dem Effekt eines Zussmmenstol]es eine ganz bestimmte Antwort; 
aber es handelt slch um keine Kausalbeziehung. Man bekommt k e i n e  
Antwort auf die Frage, ,wie ist der Zustand nach dem Zusammenstol3e", 
sondern nur auf die Frage, ,,wie wahrseheinlieh ist ein vorgegebener Effekt 
des Zusammenstol~es" (wobei natiirlieh der quantenmechanisehe Energie- 
satz gewahrt sein mul~). 

Hier erhebt sich die ganze Problematik des Determinismus. Vom 
Standpunkt unserer Quantenmeehanik gibt es keine Gr~tle, die im E i n z e l -  
f a t l e  den Effekt eines Stol~es kausal festlegt; abet auch in der Erfahrnng 
haben wir bisher keinen Anhaltspunkt dafiir, dal] es innere Eigensehaften 
der Atome gibt, die einen bestimmten Stol~erfolg bedingen. Sollen wir 
hoffen, sparer solche Eigenschaften (etwa Phasen der inneren Atom- 
bewegungen) zu entdeeken und im Einzelfalle zu bestimmen ? Oder sollen 
wir glauben, da~ die 1Jbereinstimmung yon Theorie und Erfahrung in der 
Unf~higkeit, Bedlrrgungen fiir den kausalen Ablauf anzugeben, eine pra- 
stabilierte Harmonie ist, die auf der Niehtexistenz soleher Bedingungen 
beruht? Ich selber neige dazu, die Determiniertheit in der atomaren 
Welt aufzugeben. Aber das ist eine philosophisehe Frage, fiir die 
physikalische Argumente nicht allein ma~gebend sin& 

Praktisch besteht iedenfalls sowohl fiir den experimentellen als aueh 
den theoretlschen Physiker der Indeterminismus. Die yon den Experi- 
mentatoren viel untersuehte ,Ausbeutefunktion" O ist ietzt aueh theo- 
retiseh streng fal]bar. Man kann sie aus der potentiellen Energie der 
Weehselwirkung V (x, y, z; qk) finden; doch sind die hierzu nStigen 
Rechenprozesse zu verwiekelt, um sie an dieser Stelle mitzuteilen. Ieh 
will nur die Bedeutung der Funktion On~ mit einigen Worten erl~utern. 

T 

Ist z. B. das Atom vor dem Stol3 im Normalzustand n ~ 1, so folgt aus 

+ ~ h v ~  W ~  ~ 0, h ' P l m  ~ T ~ 

dab fiir ein Elektron mit kleinerer Energie als die kleinste Anregungs- 
stufe des Atoms notwendig aueh n~ = 1, also Wll ~ v sein mull; es 

T 

erfolgt also ,,elastisehe Reflexion" des Elektrons mit der Ausbeute- 
iunktion q}l l" Ubersteigt v die erste Anregungsstufe, so gibt es aul]er 

T 
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4) Born’s statistical interpretation



- Born’s statistical interpretation was formulated in the context of
the scattering problem where probabilities emerge naturally.

- One could summarize approximately, somewhat paradoxically: The
movement of particles follows a probability law, the probability itself
however evolves in accordance with the law of causality.

Some lessons from case 4)

- Einstein’s “ghost field”: the waves may only be seen as guiding the
way for corpuscular light quanta, determining the probability that
one light quantum, which is the carrier of energy and momentum,
chooses a particular path. The field itself, however, does not have
energy or momentum.

4) Born’s statistical interpretation


