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Salomon Bochner
(1899-1982)

Complex numbers have been known to
physics for two hundred years, and in the
nineteenth century their occurrence in physics
has gradually widened so that a veritable
complexification of physics has come about.
However, there seems to be no recognized
topic in philosophy whose subject matter is to
evaluate the significance of complex numbers
in mathematics, physics, and science in
general (Bochner, 1963).



Outline

Department of Science Education

• Brief historical sketch

• Episode 1: Circular polarization from complex numbers

• Episode 2: Quaternions and Electromagnetism

• Episode 3: CR equations and Hydrodynamics

• Episode 4: Schrödinger’s real component of 𝜓



16th century: Origins

0. Historical sketch



• Change in direction should be represented
by algebraic symbols

• Problem: direction cannot be changed by
algebraic operations except to the opposite

1

1-1

.(-1)
means 180º

How to express 90º?

Multiply by i means 90º
CCW rotation!

    v = a+ bi

Hint: i2= -1

Analytical representation of direction 
(Wessel, 1798)

-1

i

0. Historical sketch

19th century: Geometrical interpretation
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Fresnel equations become complex

74 Propagation of light

Fresnel equations for glass-air (eliminated θ2 using Snell’s law)

r∥ =
n2 cos(θ1)− n1

√
1−

(
n1
n2

)2
sin2(θ1)

n2 cos(θ1) + n1

√
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(
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n2

)2
sin2(θ1)

(3.60)

=
cos(θ1)− n

√
1− n2 sin2(θ1)

cos(θ1) + n
√
1− n2 sin2(θ1)

(3.61)

r⊥ =
n1 cos(θ1)− n2

√
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n1
n2

)2
sin2(θ1)

n1 cos(θ1) + n2

√
1−

(
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sin2(θ1)

(3.62)

=
n cos(θ1)−

√
1− n2 sin2(θ1)

n cos(θ1) +
√
1− n2 sin2(θ1)

(3.63)

with n1 = 1 and n2 = n. For incident angles greater than the critical
angle θ1 ≥ θc the square root becomes negative:

r∥ =
cos(θ1)− i · n ·

√
n2 sin2(θ1)− 1

cos(θ1) + i · n ·
√
n2 sin2(θ1)− 1

, θ1 ≥ θc (3.64)

r⊥ =
n cos(θ1)− i ·

√
n2 sin2(θ1)− 1

n cos(θ1) + i ·
√
n2 sin2(θ1)− 1

, θ1 ≥ θc (3.65)

Both expressions are on the form:

x− iy

x+ iy
, (3.66)

so we express the r parameters as

|r|eiδ =
x− iy

x+ iy
= |r|e

−iα

eiα
= |r|e−i2α, (3.67)

where δ is the phase we are looking for and α just a convenient param-
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n2 sin2(θ 1)

> 1

When

r⊥  is not real!

= 1 r⊥ =1

< 1 r⊥ <1

Due to the general law of continuity, if
there is an accurate expression for the laws
of reflection just before the limit, it should
remain valid afterwards; the challenge is to
interpret/guess what analysis says about
these imaginary expressions.

1. Circular polarization and complex numbers 

 

 
 
 
 
 

66 Propagation of light
(
Et

Ei

)
=

2n1 cos(θ1)

n1 cos(θ1) + n2 cos(θ2)
(3.48)

For the ratios we often use the notation r⊥ = Er/Ei and t⊥ = Et/Ei.
Since we had four boundary conditions we will have four Fresnel equa-
tions:

Fresnel’s equations: (3.49)

r⊥ =
n1 cos(θ1)− n2 cos(θ2)

n1 cos(θ1) + n2 cos(θ2)

t⊥ =
2n1 cos(θ1)

n1 cos(θ1) + n2 cos(θ2)

r∥ =
n2 cos(θ1)− n1 cos(θ2)

n2 cos(θ1) + n1 cos(θ2)

t∥ =
2n1 cos(θ1)

n2 cos(θ1) + n1 cos(θ2)

Example 3.7 Fresnel’s equations at normal incidence.
At normal incidence θ1 = θ2 = 0. Looking at r⊥ (r∥) and t⊥ (t∥) we
find:

r⊥ =
n1 − n2

n1 + n2
and t⊥ =

2n1

n1 + n2
(3.50)

For an air glass interface n1 = 1 and n2 = 1.5 we will have r⊥ = −0.2.
The reflected wave is thus

Er = −0.2 · Ei = 0.2 · eiπ · Ei = 0.2 · Ei
0 · ei(k·r−ωt+π). (3.51)

This means the reflected beam undergo a phase change of π at the
interface! You may have noticed that if we used the parallel component at
normal incidence we would get Er = 0.2 ·Ei predicting same amplitude
ratio, but no phase shift? Actually, there is a π phase shift and the
conflict comes from the sign convention used for the two polarizations
E∥ and E⊥. For parallel polarization, r∥ is positive when E∥ has an
upward component for both the incident and reflected beams. Imagine
the angle of incidence θ1 → 0 (normal incidence case), this means that
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Figure 3.7 Light travelling from one insulator n1 into another n2.
The plane of incidence is spanned by he normal to the surface and
the incident k1 vector.

of them here, but refer to other optics books. However, let us look at two
prominent proofs both illustrating the kinematic nature of the law. The
first is perhaps the most general. Since there is translation symmetry
along the y -direction, momentum will be conserved in this direction.
For a photon entering along k1 and exit along k2 the y-component of
its momentum its conserved:

h sin(θ1)

λ1
=

h sin(θ2)

λ2
(3.24)

n1 sin(θ1)

λ0
=

n2 sin(θ2)

λ0
(3.25)

n1 sin(θ1) = n2 sin(θ2) (3.26)

where we used the expression for the photon momentum and λ0 is the
vacuum wavelength. The reflection law θ1 = θ3 can be shown in a similar
manner. From Fermat’s principle we can also show Snell’s law. Looking
at figure 3.8 we write up the the OPL and demand it to be stationary:

OPL(x) = n1

√
x2 + a2 + n2

√
(s− x)2 + b2 (3.27)
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Fresnel’s equations reduced form: (3.54)

r⊥ =
sin(θ2 − θ1)

sin(θ1 + θ2)

t⊥ =
2 cos(θ1) sin(θ2)

sin(θ1 + θ2)

r∥ =
tan(θ1 − θ2)

tan(θ1 + θ2)

t∥ =
2 cos(θ1) sin(θ2)

sin(θ1 + θ2) cos(θ1 − θ2)

3.2.1 Application of Fresnel’s equations

Fresnel’s equations is the working horse in most optics industry and ad-
vanced optical applications. Before considering the intensity expressions
let us look at the equations for an air-glass interface. In figure 3.13 we
plot the reflection coefficients of equation (3.49) as a function of incident
angle θ1.

The first thing to notice in figure 3.13 is the form of r⊥. It stays neg-
ative for all values of θ1. So for this component reflections will always
be accompanied by a phase shift of π. The transmitted fields will never
experience any phase shifts. At a particular angle, the so-called Brew-
ster’s angle θB , the r⊥ coefficient vanishes. Here only light with an
electric field component parallel3 to the glass surface is reflected! We
will interpret the physics of this angle further below.

Looking at r∥ from equation (3.54) we observe that for θ1+ θ2 = π/2,
meaning tan(θ1 + θ2) → ∞, the coefficient r∥ → 0. Using Snell’s law we
find

n1 sin(θ1) = n2 sin(θ2) = n2 sin(
π

2
− θ1) (3.55)

3 meaning perpendicular to the plane of incidence r⊥!
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1− n2 sin2(θ 1) = n2 sin2(θ 1)−1 ⋅ −1

r⊥ = r⊥ cosα + isinα[ ]

(cosα, sinα )

α

r⊥ =1

Interpretation:
Phase shift!

It means without a doubt that the periods of
vibrations15 of the reflected waves, which in the
basis of the calculations were supposed coincident
at the surface with the ones from the incident
waves, no longer coincide […] these periods are
retarded or advanced by a certain quantity.

In other words, it means that if light is polarized perpen-
dicularly to the plane of incidence and the angle of incidence
is greater than the critical, it will undergo a phase shift16

given by a. But how to obtain this value experimentally?
Intuitively one could think of some kind of interference phe-
nomenon to measure the phase shift. But instead, Fresnel
takes another route, which involves a meticulous technique
that enables one to create what he called circularly polarized
light.

C. Creating circularly polarized light

The basic idea is to consider light linearly polarized in a
direction inclined 45! with the plane of incidence. In this
way, the incident light can be treated as the resultant of two
orthogonal components (? and k) with equal moduli oscillat-
ing in phase (Fig. 3).

After total internal reflection each component will
undergo a different phase shift and the crucial factor will be
the phase difference between the components. In an analo-
gous way to that used to express r? as a complex number,
one obtains from Eq. (4) and some manipulation

rk ¼ #
n4 þ 1ð Þ sin2 hi # n2 # 1

n2 # 1ð Þ n2 þ 1ð Þ sin2 hi # 1
! "

#
2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1# sin2 hi

$ %
n2 sin2 hi # 1
$ %q

n2 # 1ð Þ n2 þ 1ð Þ sin2 hi # 1
! " i; (7)

which can also be written as the complex number
rk ¼ jrkjðcos bþ isin bÞ. Thus, once again jrkj ¼ 1 and b
is the phase shift experienced by the parallel component.
Since the crucial factor is the phase difference between the
components, i.e., a – b, Fresnel derives an expression for
cosða# bÞ. Using the trigonometric identity cosða# bÞ
¼ cos acos bþ sin asin b and taking each one of the four
terms from Eqs. (6) and (7), Fresnel obtains the following
equation (Ref. 5, p. 790):

cos a# bð Þ ¼ 2n2 sin4hi # n2 þ 1ð Þ sin2 hi þ 1

n2 þ 1ð Þ sin2 hi # 1
: (8)

As previously mentioned, if the components are in phase,
the resultant light is linearly polarized. If they are out of
phase, light is said to be elliptically polarized. For a very par-
ticular phase difference, namely, 90!, the reflected light will
be circularly polarized.18 In the final part of Ref. 5 Fresnel
describes how to obtain this peculiar kind of light, a process
which he called complete depolarization.

Given two media, i.e., the value of n (Fresnel used air and
Saint-Gobain glass with n¼ 1.51), Eq. (8) relates the phase
difference with the angle of incidence. If we insert a
– b¼ 90! and n¼ 1.51 in Eq. (8) and make sin2 hi ¼ x, we
obtain a second degree equation with no real roots.19

Physically, this means that it is not possible to obtain the
desired phase difference with only one total internal reflec-
tion. What about two? Inserting a – b¼ 45! in Eq. (8) we
now obtain two values for the angle of incidence that satisfy
the equation, namely, 48!370 and 54!370. The second value,
Fresnel argues, is better if one wants to neglect the different
refrangibility of each color (the first is a bit too close to the
critical angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light go
through two total internal reflections at hi ¼ 54!370 (Fig. 4).
The same desired phase difference can be obtained by a
greater number of internal reflections (3 for a – b¼ 30!, 4
for a – b¼ 22.5!, etc.; see Fig. 5).

Light coming out of these prisms have peculiar properties
described in Ref. 20. The process has been previously called
complete depolarization, since one cannot linearly polarize it
again with an analyzer (calcite spar), as is the case for nor-
mal (unpolarized) light. Using a terminology introduced by
Fresnel himself, light has been circularly polarized.7

III. CONCLUSIONS

In educational contexts, it is not uncommon to find com-
plex numbers being introduced with some aura of mystery.
The square root of a negative number can be seen as this
thing that exists only in the minds of “crazy mathematicians”
and the very words imaginary and complex seem to support
this view. Such puzzlement is also found in history, for
instance, Cardano referred to the square root of a negative
number as “some recondite third sort of thing” and Leibniz
called the imaginary unit “an almost amphibian object
between Being and Non-being.”4

When complex numbers appear in physics it is common
that only their real parts are assigned physical meaning.
Although the imaginary parts are essential for performing
the calculations, when the final result is obtained the atten-
tion is often drawn to the real part. A typical example is the
use of complex numbers to describe harmonic motion.

Fig. 3. Incident light is linearly polarized in a direction inclined 45! with the
plane of incidence so that it can be treated as the resultant of two orthogonal
components with equal moduli oscillating in phase.

Fig. 4. Glass prism conceived to produce circularly polarized light after two
total internal reflections at hi ¼ 54!370 when the incident light is linearly
polarized with an inclination of 45! with the plane of incidence (original fig-
ure in Ref. 5, p. 793).
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Problem: How to measure this phase shift?

1. Circular polarization and complex numbers 
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x+ iy
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so we express the r parameters as
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= |r|e

−iα

eiα
= |r|e−i2α, (3.67)

where δ is the phase we are looking for and α just a convenient param-
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C. Creating circularly polarized light

The basic idea is to consider light linearly polarized in a
direction inclined 45� with the plane of incidence. In this
way, the incident light can be treated as the resultant of
two orthogonal components (? and k) with equal moduli
oscillating in phase (Fig. 3).

FIG. 3. Incident light is linearly polarized in a direction in-
clined 45� with the plane of incidence so that it can be treated
as the resultant of two orthogonal components with equal
moduli oscillating in phase.

After total internal reflection each component will un-
dergo a di↵erent phase shift and the crucial factor will be
the phase di↵erence between the components. In an anal-
ogous way as the one made to express r? as a complex
number, one obtains from Eq. (4) and some manipula-
tion:

rk = � (n4+1) sin2 ✓i�n2�1
(n2�1)[(n2+1) sin2 ✓i�1] �

2n
p

(1�sin2 ✓i)(n2 sin2 ✓i�1)

(n2�1)[(n2+1) sin2 ✓i�1] i, (7)

what can also be written as the complex number
rk = |rk|(cos� + i sin�). Thus, once again |rk| = 1
and � is the phase shift underwent by the parallel com-
ponent. Since the crucial factor is the phase di↵erence
between the components, i.e. ↵��, Fresnel derives an ex-
pression for cos (↵� �). Using the trigonometric identity
cos (↵� �) = cos↵ cos�+sin↵ sin� and taking each one
of the four terms from Eqs. (6) and (7), Fresnel obtains
the following equation ([5], p. 790)

cos (↵� �) =
2n2 sin4 ✓i � (n2 + 1) sin2 ✓i + 1

(n2 + 1) sin2 ✓i � 1
. (8)

As previously mentioned, if the components are in
phase, the resultant light is linearly polarized. If they
are out of phase, light is said to be elliptically polarized.
For a very particular phase di↵erence, namely 90�, the
reflected light will be circularly polarized [? ]. In the

final part of [5] Fresnel describes how to obtain this pe-
culiar kind of light, a process which he called complete
depolarization.
Given two media, i.e., the value of n (Fresnel used air

and Saint-Gobain glass with n = 1.51), Eq. (8) relates
the phase di↵erence with the angle of incidence. If we
insert ↵ � � = 90� and n = 1.51 in Eq. (8) and make
sin2 ✓i = x, we obtain a second degree equation with
no real roots [? ]. Physically, this means that it is not
possible to obtain the desired phase di↵erence with only
one total internal reflection. What about two? Inserting
↵ � � = 45� in Eq. (8) we now obtain two values for
the angle of incidence that satisfy the equation, namely
48�370 and 54�370. The second value, Fresnel argues, is
better if one wants to neglect the di↵erent refrangibility
of each color (the first is a bit too close to the criti-
cal angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light
go through two total internal reflections at ✓i = 54�370

(Fig. 4). The same desired phase di↵erence can be ob-
tained by a greater number of internal reflections (3 for
↵� � = 30�, 4 for ↵� � = 22.5�, etc. See Fig. 5).

FIG. 4. Glass prism conceived to produce circularly polarized
light after two total internal reflections at ✓i = 54�370 when
the incident light is linearly polarized with an inclination of
45� with the plane of incidence (Original figure in [5], p. 793).

FIG. 5. Multiple total internal reflections yielding circu-
larly polarized light when the incident light is linearly po-
larized with an inclination of 45� with the plane of incidence
(Adapted from the original in [5], p. 793-94).

Light coming out of these prisms have peculiar prop-
erties described in [12]. The process has been previously
called complete depolarization, since one cannot linearly
polarize it again with an analyzer (calcite spar), as it
is the case of normal (unpolarized) light. Using a ter-
minology introduced by Fresnel himself, light has been
circularly polarized [7].
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direction inclined 45� with the plane of incidence. In this
way, the incident light can be treated as the resultant of
two orthogonal components (? and k) with equal moduli
oscillating in phase (Fig. 3).
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as the resultant of two orthogonal components with equal
moduli oscillating in phase.

After total internal reflection each component will un-
dergo a di↵erent phase shift and the crucial factor will be
the phase di↵erence between the components. In an anal-
ogous way as the one made to express r? as a complex
number, one obtains from Eq. (4) and some manipula-
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what can also be written as the complex number
rk = |rk|(cos� + i sin�). Thus, once again |rk| = 1
and � is the phase shift underwent by the parallel com-
ponent. Since the crucial factor is the phase di↵erence
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cos (↵� �) = cos↵ cos�+sin↵ sin� and taking each one
of the four terms from Eqs. (6) and (7), Fresnel obtains
the following equation ([5], p. 790)
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(n2 + 1) sin2 ✓i � 1
. (8)

As previously mentioned, if the components are in
phase, the resultant light is linearly polarized. If they
are out of phase, light is said to be elliptically polarized.
For a very particular phase di↵erence, namely 90�, the
reflected light will be circularly polarized [? ]. In the

final part of [5] Fresnel describes how to obtain this pe-
culiar kind of light, a process which he called complete
depolarization.
Given two media, i.e., the value of n (Fresnel used air

and Saint-Gobain glass with n = 1.51), Eq. (8) relates
the phase di↵erence with the angle of incidence. If we
insert ↵ � � = 90� and n = 1.51 in Eq. (8) and make
sin2 ✓i = x, we obtain a second degree equation with
no real roots [? ]. Physically, this means that it is not
possible to obtain the desired phase di↵erence with only
one total internal reflection. What about two? Inserting
↵ � � = 45� in Eq. (8) we now obtain two values for
the angle of incidence that satisfy the equation, namely
48�370 and 54�370. The second value, Fresnel argues, is
better if one wants to neglect the di↵erent refrangibility
of each color (the first is a bit too close to the criti-
cal angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light
go through two total internal reflections at ✓i = 54�370

(Fig. 4). The same desired phase di↵erence can be ob-
tained by a greater number of internal reflections (3 for
↵� � = 30�, 4 for ↵� � = 22.5�, etc. See Fig. 5).

FIG. 4. Glass prism conceived to produce circularly polarized
light after two total internal reflections at ✓i = 54�370 when
the incident light is linearly polarized with an inclination of
45� with the plane of incidence (Original figure in [5], p. 793).

FIG. 5. Multiple total internal reflections yielding circu-
larly polarized light when the incident light is linearly po-
larized with an inclination of 45� with the plane of incidence
(Adapted from the original in [5], p. 793-94).

Light coming out of these prisms have peculiar prop-
erties described in [12]. The process has been previously
called complete depolarization, since one cannot linearly
polarize it again with an analyzer (calcite spar), as it
is the case of normal (unpolarized) light. Using a ter-
minology introduced by Fresnel himself, light has been
circularly polarized [7].

It means without a doubt that the periods of
vibrations15 of the reflected waves, which in the
basis of the calculations were supposed coincident
at the surface with the ones from the incident
waves, no longer coincide […] these periods are
retarded or advanced by a certain quantity.

In other words, it means that if light is polarized perpen-
dicularly to the plane of incidence and the angle of incidence
is greater than the critical, it will undergo a phase shift16

given by a. But how to obtain this value experimentally?
Intuitively one could think of some kind of interference phe-
nomenon to measure the phase shift. But instead, Fresnel
takes another route, which involves a meticulous technique
that enables one to create what he called circularly polarized
light.

C. Creating circularly polarized light

The basic idea is to consider light linearly polarized in a
direction inclined 45! with the plane of incidence. In this
way, the incident light can be treated as the resultant of two
orthogonal components (? and k) with equal moduli oscillat-
ing in phase (Fig. 3).

After total internal reflection each component will
undergo a different phase shift and the crucial factor will be
the phase difference between the components. In an analo-
gous way to that used to express r? as a complex number,
one obtains from Eq. (4) and some manipulation

rk ¼ #
n4 þ 1ð Þ sin2 hi # n2 # 1

n2 # 1ð Þ n2 þ 1ð Þ sin2 hi # 1
! "

#
2n

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1# sin2 hi

$ %
n2 sin2 hi # 1
$ %q

n2 # 1ð Þ n2 þ 1ð Þ sin2 hi # 1
! " i; (7)

which can also be written as the complex number
rk ¼ jrkjðcos bþ isin bÞ. Thus, once again jrkj ¼ 1 and b
is the phase shift experienced by the parallel component.
Since the crucial factor is the phase difference between the
components, i.e., a – b, Fresnel derives an expression for
cosða# bÞ. Using the trigonometric identity cosða# bÞ
¼ cos acos bþ sin asin b and taking each one of the four
terms from Eqs. (6) and (7), Fresnel obtains the following
equation (Ref. 5, p. 790):

cos a# bð Þ ¼ 2n2 sin4hi # n2 þ 1ð Þ sin2 hi þ 1

n2 þ 1ð Þ sin2 hi # 1
: (8)

As previously mentioned, if the components are in phase,
the resultant light is linearly polarized. If they are out of
phase, light is said to be elliptically polarized. For a very par-
ticular phase difference, namely, 90!, the reflected light will
be circularly polarized.18 In the final part of Ref. 5 Fresnel
describes how to obtain this peculiar kind of light, a process
which he called complete depolarization.

Given two media, i.e., the value of n (Fresnel used air and
Saint-Gobain glass with n¼ 1.51), Eq. (8) relates the phase
difference with the angle of incidence. If we insert a
– b¼ 90! and n¼ 1.51 in Eq. (8) and make sin2 hi ¼ x, we
obtain a second degree equation with no real roots.19

Physically, this means that it is not possible to obtain the
desired phase difference with only one total internal reflec-
tion. What about two? Inserting a – b¼ 45! in Eq. (8) we
now obtain two values for the angle of incidence that satisfy
the equation, namely, 48!370 and 54!370. The second value,
Fresnel argues, is better if one wants to neglect the different
refrangibility of each color (the first is a bit too close to the
critical angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light go
through two total internal reflections at hi ¼ 54!370 (Fig. 4).
The same desired phase difference can be obtained by a
greater number of internal reflections (3 for a – b¼ 30!, 4
for a – b¼ 22.5!, etc.; see Fig. 5).

Light coming out of these prisms have peculiar properties
described in Ref. 20. The process has been previously called
complete depolarization, since one cannot linearly polarize it
again with an analyzer (calcite spar), as is the case for nor-
mal (unpolarized) light. Using a terminology introduced by
Fresnel himself, light has been circularly polarized.7

III. CONCLUSIONS

In educational contexts, it is not uncommon to find com-
plex numbers being introduced with some aura of mystery.
The square root of a negative number can be seen as this
thing that exists only in the minds of “crazy mathematicians”
and the very words imaginary and complex seem to support
this view. Such puzzlement is also found in history, for
instance, Cardano referred to the square root of a negative
number as “some recondite third sort of thing” and Leibniz
called the imaginary unit “an almost amphibian object
between Being and Non-being.”4

When complex numbers appear in physics it is common
that only their real parts are assigned physical meaning.
Although the imaginary parts are essential for performing
the calculations, when the final result is obtained the atten-
tion is often drawn to the real part. A typical example is the
use of complex numbers to describe harmonic motion.

Fig. 3. Incident light is linearly polarized in a direction inclined 45! with the
plane of incidence so that it can be treated as the resultant of two orthogonal
components with equal moduli oscillating in phase.

Fig. 4. Glass prism conceived to produce circularly polarized light after two
total internal reflections at hi ¼ 54!370 when the incident light is linearly
polarized with an inclination of 45! with the plane of incidence (original fig-
ure in Ref. 5, p. 793).
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The basic idea is to consider light linearly polarized in a
direction inclined 45� with the plane of incidence. In this
way, the incident light can be treated as the resultant of
two orthogonal components (? and k) with equal moduli
oscillating in phase (Fig. 3).

FIG. 3. Incident light is linearly polarized in a direction in-
clined 45� with the plane of incidence so that it can be treated
as the resultant of two orthogonal components with equal
moduli oscillating in phase.

After total internal reflection each component will un-
dergo a di↵erent phase shift and the crucial factor will be
the phase di↵erence between the components. In an anal-
ogous way as the one made to express r? as a complex
number, one obtains from Eq. (4) and some manipula-
tion:

rk = � (n4+1) sin2 ✓i�n2�1
(n2�1)[(n2+1) sin2 ✓i�1] �

2n
p

(1�sin2 ✓i)(n2 sin2 ✓i�1)

(n2�1)[(n2+1) sin2 ✓i�1] i, (7)

what can also be written as the complex number
rk = |rk|(cos� + i sin�). Thus, once again |rk| = 1
and � is the phase shift underwent by the parallel com-
ponent. Since the crucial factor is the phase di↵erence
between the components, i.e. ↵��, Fresnel derives an ex-
pression for cos (↵� �). Using the trigonometric identity
cos (↵� �) = cos↵ cos�+sin↵ sin� and taking each one
of the four terms from Eqs. (6) and (7), Fresnel obtains
the following equation ([5], p. 790)

cos (↵� �) =
2n2 sin4 ✓i � (n2 + 1) sin2 ✓i + 1

(n2 + 1) sin2 ✓i � 1
. (8)

As previously mentioned, if the components are in
phase, the resultant light is linearly polarized. If they
are out of phase, light is said to be elliptically polarized.
For a very particular phase di↵erence, namely 90�, the
reflected light will be circularly polarized [? ]. In the

final part of [5] Fresnel describes how to obtain this pe-
culiar kind of light, a process which he called complete
depolarization.
Given two media, i.e., the value of n (Fresnel used air

and Saint-Gobain glass with n = 1.51), Eq. (8) relates
the phase di↵erence with the angle of incidence. If we
insert ↵ � � = 90� and n = 1.51 in Eq. (8) and make
sin2 ✓i = x, we obtain a second degree equation with
no real roots [? ]. Physically, this means that it is not
possible to obtain the desired phase di↵erence with only
one total internal reflection. What about two? Inserting
↵ � � = 45� in Eq. (8) we now obtain two values for
the angle of incidence that satisfy the equation, namely
48�370 and 54�370. The second value, Fresnel argues, is
better if one wants to neglect the di↵erent refrangibility
of each color (the first is a bit too close to the criti-
cal angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light
go through two total internal reflections at ✓i = 54�370

(Fig. 4). The same desired phase di↵erence can be ob-
tained by a greater number of internal reflections (3 for
↵� � = 30�, 4 for ↵� � = 22.5�, etc. See Fig. 5).

FIG. 4. Glass prism conceived to produce circularly polarized
light after two total internal reflections at ✓i = 54�370 when
the incident light is linearly polarized with an inclination of
45� with the plane of incidence (Original figure in [5], p. 793).

FIG. 5. Multiple total internal reflections yielding circu-
larly polarized light when the incident light is linearly po-
larized with an inclination of 45� with the plane of incidence
(Adapted from the original in [5], p. 793-94).

Light coming out of these prisms have peculiar prop-
erties described in [12]. The process has been previously
called complete depolarization, since one cannot linearly
polarize it again with an analyzer (calcite spar), as it
is the case of normal (unpolarized) light. Using a ter-
minology introduced by Fresnel himself, light has been
circularly polarized [7].
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ogous way as the one made to express r? as a complex
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what can also be written as the complex number
rk = |rk|(cos� + i sin�). Thus, once again |rk| = 1
and � is the phase shift underwent by the parallel com-
ponent. Since the crucial factor is the phase di↵erence
between the components, i.e. ↵��, Fresnel derives an ex-
pression for cos (↵� �). Using the trigonometric identity
cos (↵� �) = cos↵ cos�+sin↵ sin� and taking each one
of the four terms from Eqs. (6) and (7), Fresnel obtains
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cos (↵� �) =
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As previously mentioned, if the components are in
phase, the resultant light is linearly polarized. If they
are out of phase, light is said to be elliptically polarized.
For a very particular phase di↵erence, namely 90�, the
reflected light will be circularly polarized [? ]. In the

final part of [5] Fresnel describes how to obtain this pe-
culiar kind of light, a process which he called complete
depolarization.
Given two media, i.e., the value of n (Fresnel used air

and Saint-Gobain glass with n = 1.51), Eq. (8) relates
the phase di↵erence with the angle of incidence. If we
insert ↵ � � = 90� and n = 1.51 in Eq. (8) and make
sin2 ✓i = x, we obtain a second degree equation with
no real roots [? ]. Physically, this means that it is not
possible to obtain the desired phase di↵erence with only
one total internal reflection. What about two? Inserting
↵ � � = 45� in Eq. (8) we now obtain two values for
the angle of incidence that satisfy the equation, namely
48�370 and 54�370. The second value, Fresnel argues, is
better if one wants to neglect the di↵erent refrangibility
of each color (the first is a bit too close to the criti-
cal angle for certain frequencies). Thus, he conceives a
glass prism (Fresnel rhomb) that makes polarized light
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(Fig. 4). The same desired phase di↵erence can be ob-
tained by a greater number of internal reflections (3 for
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FIG. 4. Glass prism conceived to produce circularly polarized
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erties described in [12]. The process has been previously
called complete depolarization, since one cannot linearly
polarize it again with an analyzer (calcite spar), as it
is the case of normal (unpolarized) light. Using a ter-
minology introduced by Fresnel himself, light has been
circularly polarized [7].
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rk = |rk|(cos� + i sin�). Thus, once again |rk| = 1
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final part of [5] Fresnel describes how to obtain this pe-
culiar kind of light, a process which he called complete
depolarization.
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and Saint-Gobain glass with n = 1.51), Eq. (8) relates
the phase di↵erence with the angle of incidence. If we
insert ↵ � � = 90� and n = 1.51 in Eq. (8) and make
sin2 ✓i = x, we obtain a second degree equation with
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of each color (the first is a bit too close to the criti-
cal angle for certain frequencies). Thus, he conceives a
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↵� � = 30�, 4 for ↵� � = 22.5�, etc. See Fig. 5).

FIG. 4. Glass prism conceived to produce circularly polarized
light after two total internal reflections at ✓i = 54�370 when
the incident light is linearly polarized with an inclination of
45� with the plane of incidence (Original figure in [5], p. 793).

FIG. 5. Multiple total internal reflections yielding circu-
larly polarized light when the incident light is linearly po-
larized with an inclination of 45� with the plane of incidence
(Adapted from the original in [5], p. 793-94).

Light coming out of these prisms have peculiar prop-
erties described in [12]. The process has been previously
called complete depolarization, since one cannot linearly
polarize it again with an analyzer (calcite spar), as it
is the case of normal (unpolarized) light. Using a ter-
minology introduced by Fresnel himself, light has been
circularly polarized [7].

Fresnel Rhomb

Circular polarization

 ⊥  and !  phase difference = 90°
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Figure 3.17 Plot of the reflectance (R∥, R⊥) and associated phases
(δ∥, δ⊥) for an air-glass n1 = 1, n2 = 1.5 and a glass air interface
n1 = 1.5, n2 = 1.

In figure 3.17 we show the reflectance for an air-glass interface. At the
Brewster’s angle ”parallel” reflections vanish.

Example 3.11 Phases upon reflection.
In figure 3.17 we show the reflectance and phase relations for an air-glass
and glass-air interface. The first phase plot, air-glass interface, follows
directly from fresnels equations plotted in figure 3.13. Here you can see
r⊥ stays negative for all incident angles and a π phase shift is associated
with a reflection. For the other component r∥ it stays positive until the
Brewster angle then becomes negative.

A similar plot will explain the phase behavior for a glass-air interface
at angles below the critical angle θc. However, for angles greater that
the critical angle, we have total internal reflection, things become a bit
more complicated. Let us calculate the phase shift for θ ≥ θc. Recall the
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C. Creating circularly polarized light

The basic idea is to consider light linearly polarized in a
direction inclined 45� with the plane of incidence. In this
way, the incident light can be treated as the resultant of
two orthogonal components (? and k) with equal moduli
oscillating in phase (Fig. 3).

FIG. 3. Incident light is linearly polarized in a direction in-
clined 45� with the plane of incidence so that it can be treated
as the resultant of two orthogonal components with equal
moduli oscillating in phase.
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rk = � (n4+1) sin2 ✓i�n2�1
(n2�1)[(n2+1) sin2 ✓i�1] �

2n
p

(1�sin2 ✓i)(n2 sin2 ✓i�1)

(n2�1)[(n2+1) sin2 ✓i�1] i, (7)
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(n2 + 1) sin2 ✓i � 1
. (8)
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1. Circular polarization and complex numbers 



Some lessons from Episode 1

Fresnel (1823) - Physical interpretation (phase shift) of complex numbers

- One can say that this was the first time in which “nature” was
abstracted from “pure” mathematics, that is from a mathematics
which had not been previously abstracted from nature itself
(Bochner, 1963)

- Circularly polarized light is ”man-made” and due to complex
numbers

1. Circular polarization and complex numbers 



Treatise on Electricity and Magnetism - Maxwell (1873)

Department of Science Education

What are quaternions? How are they related to vectors?

2. Quaternions and Electromagnetism



Analytical representation of direction – Wessel (1798)

Change in direction should be represented by algebraic symbols

Problem: direction cannot be changed by algebraic operations except to the opposite

-1 1

1-1

.(-1)
means 180º

i

How to express 90º?

i means 90º rotation!

v = a+ bi

Hint: i2= -1

2. Quaternions and Electromagnetism



Analytical representation of direction in 3D – Hamilton (1843)

Hamilton’s path to quaternions

A plausible 2D-3D analogy: “it seemed natural”

Since i is in a certain well-known sense, a line
perpendicular to the line 1, it seemed natural that there
should be some another imaginary to express a
line perpendicular to the former.

… I tried the effect of assuming also j2 = -1, which I
interpreted as a rotation through two right angles in the
xz, as i2 = -1 had corresponded to such a rotation in
the plane xy

j2 = i2= -1

Triplet

x + iy + jz

Neves (2008)

2. Quaternions and Electromagnetism

j

i

1



2. Quaternions and Electromagnetism

Analytical representation of direction in 3D – Hamilton (1843)



Analytical representation of direction in 3D – Hamilton (1843)

2. Quaternions and Electromagnetism

Neves (2008)



Vector algebra – Heaviside (& Gibbs)

Quotation from Crowe (1967)

Maxwell exhibited his main results in quaternionic form.
I went to Prof. Tait’s treatise to get information, and to
learn how to work them. […] But on proceeding to
apply quaternions to the development of electric
theory, I found it very inconvenient. Quaternions were
in their vectorial aspects antiphysical and unnatural […].
So I dropped out the quaternion altogether, and kept
to pure scalars and vectors, using a very simple
vectorial algebra in my papers from 1883 onwards.

Heaviside (1893)

2. Quaternions and Electromagnetism



Some lessons from Episode 2

- Why do we call the unit vectors i, j and k ? They were originally
imaginary units!

- Vectors originate in an attempt to improve the use of quaternions
in EM, which resulted in “getting rid” of them...

2. Quaternions and Electromagnetism

- Scalars and vectors were parts of a whole (quaternions).
Quaternions were created to represent direction analytically in 3D.



2D fluid flow

real part of the multiply-valued analytic function f(z) = f̃(z) + c log z. This fact will be
of importance in our subsequent analysis of airfoils.

Applications to Fluid Mechanics

Consider a planar steady state fluid flow, with velocity vector field

v(x) =

(
u(x, y)
v(x, y)

)
at the point x =

(
x
y

)
∈ Ω.

Here Ω ⊂ R2 is the domain occupied by the fluid, while the vector v(x) represents the
instantaneous velocity of the fluid at the point x ∈ Ω. Recall that the flow is incompressible
if and only if it has vanishing divergence:

∇ · v =
∂u

∂x
+
∂v

∂y
= 0. (4.7)

Incompressibility means that the fluid volume does not change as it flows. Most liquids,
including water, are, for all practical purposes, incompressible. On the other hand, the
flow is irrotational if and only if it has vanishing curl:

∇× v =
∂v

∂x
−
∂u

∂y
= 0. (4.8)

Irrotational flows have no vorticity, and hence no circulation. A flow that is both incom-
pressible and irrotational is known as an ideal fluid flow . In many physical regimes, liquids
(and, although less often, gases) behave as ideal fluids .

Observe that the two constraints (4.7–8) are almost identical to the Cauchy–Riemann
equations (3.2); the only difference is the change in sign in front of the derivatives of v.
But this can be easily remedied by replacing v by its negative −v. As a result, we establish
a profound connection between ideal planar fluid flows and complex functions.

Theorem 4.5. The velocity vector field v = ( u(x, y), v(x, y) )T induces an ideal
fluid flow if and only if

f(z) = u(x, y)− i v(x, y) (4.9)

is a complex analytic function of z = x+ i y.

Thus, the components u(x, y) and −v(x, y) of the velocity vector field for an ideal
fluid flow are necessarily harmonic conjugates. The corresponding complex function (4.9)
is, not surprisingly, known as the complex velocity of the fluid flow. When using this result,
do not forget the minus sign that appears in front of the imaginary part of f(z).

Under the flow induced by the velocity vector field v = (u(x, y), v(x, y) )T , the fluid
particles follow the trajectories z(t) = x(t) + i y(t) obtained by integrating the system of
ordinary differential equations

dx

dt
= u(x, y),

dy

dt
= v(x, y). (4.10)
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𝜕𝑢
𝜕𝑥

= −
𝜕𝑣
𝜕𝑦

𝜕𝑢
𝜕𝑦

=
𝜕𝑣
𝜕𝑥

𝑓′(𝑧) 	= lim
∆"→$

𝑓(𝑧 + ∆𝑧) − 𝑓(𝑧)
∆𝑧

𝑓 𝑧 = 𝑓 𝑥 + 𝑖𝑦 = 𝑢 𝑥, 𝑦 + 𝑖𝑣(𝑥, 𝑦)

𝜕𝑢
𝜕𝑥

=
𝜕𝑣
𝜕𝑦

𝜕𝑢
𝜕𝑦

= −
𝜕𝑣
𝜕𝑥

𝑧 + 𝑖∆𝑦

𝑧 + ∆𝑥

Complex derivative 

3. CR equations after d’Alembert?

Curious similarity
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Should the CR equations be named after d’Alembert?

CR equations 

“d’Alembert discovered the Cauchy–Riemann
condition for u and −v to be the real and
imaginary components of an analytic function
in the complex plane (Darrigol, 2005)



D’Alembert’s ”ingenious method” (1752)

Incompressible

Irrotational

𝜕𝑢
𝜕𝑥

= −
𝜕𝑣
𝜕𝑦

𝜕𝑢
𝜕𝑦 =

𝜕𝑣
𝜕𝑥

CHAPTER 2. IDEAL FLUIDS AND COMPLEX ANALYSIS 30

Taken together, eqs (2.2) and (2.4) express a flow that is both incom-
pressible and irrotational, aka an ideal fluid flow. Wait a minute, aren’t
these the CR-equations? Not quite, they are similar, but the signs are op-
posite. We will get back to that later, but let us first see how d’Alembert
came up with the idea of a complex variable function when trying to solve
this system of two partial di↵erential equations.

The problem is essentially mathematical: find the functions u(x, y) and
v(x, y) that satisfy the equations (2.2) and (2.4), given certain initial and/or
boundary conditions. D’Alembert showed that satisfying these equations is
equivalent to assuming that vdx�udy and udx+vdy are exact di↵erentials,
respectively.

Schematically

@u

@x
= �@v

@y
() vdx� udy is an exact di↵erential (2.5)

@u

@y
=

@v

@x
() udx+ vdy is an exact di↵erential (2.6)

Let us see why. By an exact di↵erential we mean that there exists a
(scalar) function of two variables f(x, y), such that

df =
@f

@x
dx+

@f

@y
dy. (2.7)

The other ingredient needed to understand this equivalence is the so-
called equality of mixed partials, which asserts that interchanging the order
of taking partial derivatives of a function does not a↵ect the end result.
Mathematically, this is expressed by

@

@x
(
@f

@y
) =

@

@y
(
@f

@x
) (2.8)

Can you see the equivalence? Let us start with (2.5), i.e., assume that
vdx � udy is an exact di↵erential. Following (2.7), v = @f

@x and u = �@f
@y ,
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() udx+ vdy is an exact di↵erential (2.6)

Let us see why. By an exact di↵erential we mean that there exists a
(scalar) function of two variables f(x, y), such that

df =
@f

@x
dx+

@f

@y
dy. (2.7)

The other ingredient needed to understand this equivalence is the so-
called equality of mixed partials, which asserts that interchanging the order
of taking partial derivatives of a function does not a↵ect the end result.
Mathematically, this is expressed by

@

@x
(
@f

@y
) =

@

@y
(
@f

@x
) (2.8)

Can you see the equivalence? Let us start with (2.5), i.e., assume that
vdx � udy is an exact di↵erential. Following (2.7), v = @f

@x and u = �@f
@y ,
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which according to (2.8) yields eq (2.2). This seems rather confusing but is
actually pretty simple! Make sure to check the equivalence (2.6) yourself.

Now we have a di↵erent, yet equivalent, way to formulate the same
mathematical problem: find the functions u(x, y) and v(x, y), so that udx+
vdy and vdx� udy are both exact di↵erentials. D’Alembert’s profound in-
sight was to find a way to “gather” these two expressions in a “single” entity,
that could be integrated. How did he achieve that? Playing pragmatically
with complex numbers.

Here is his line of reasoning. If udx + vdy is an exact di↵erential, so is
udx + iv dy

i , where i is the imaginary unit2. Similarly, if vdx � udy is an
exact di↵erential, so is (multiplying by i) ivdx � iudy, which is equal to
ivdx+ udy

i . Adding udx+ iv dy
i and ivdx+ udy

i results in (u+ iv)(dx+ dy
i ).

Now take a moment to contemplate this last expression.

The manipulations of this last paragraph seemed arbitrary, pointless,
perhaps even forbidden, but the end result is suggestive. D’Alembert man-
aged to “gather” the two functions u and v in a single entity, the complex
function u + iv. And if (u + iv)(dx + dy

i ) is an exact di↵erential, then we
can claim, together with d’Alembert, that u+ iv is a function of x+ y

i (or
of x� iy), whatever that means. So, do we already have a method to find
the functions u and v?

Not yet. We will perform similar manipulations to express the complex
conjugate of u+ iv. Then, we will add the two to get rid of the imaginary
parts. This strategy is not so surprising if you remember Bombelli’s original
trick to find the solution to that cubic equation in Section 1.1 [cross REF].

In fact, by subtracting udx+iv dy
i and ivdx+udy

i , we obtain (u�iv)(dx�
dy
i ), which is again an exact di↵erential. By “integrating” it, we conclude
that u� iv is a function of x� y

i (or of x + iy). But how to express these
functions to ensure that u and v are both purely real?

2
D’Alembert wrote

p
�1 in the original. Of course, multiplying and dividing by the

same number (i) does not change the expression, but at this moment it is perfectly fine

to ask yourself what is the point of doing this.
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Taken together, eqs (2.2) and (2.4) express a flow that is both incom-
pressible and irrotational, aka an ideal fluid flow. Wait a minute, aren’t
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(1) + (2) is also an exact differential

(1) - (2)

Thus,             is a function of 

  
IMAGINARY PARTS DESTROY THEMSELVES 

Here is his line of reasoning. If )8# + +8& is an exact differential, so is )8# + %+ '%( , 
where % is the imaginary unit.1 Similarly, if +8# − )8& is an exact differential, so is 
(multiplying by %) %+8# − %)8&, which is equal to %+8# + ) '%

( . Adding )8# + %+ '%(   

and %+8# + ) '%
(  results in () + %+)(8# + '%

( ). Now it is worth taking a moment to 
contemplate this last expression. 
The manipulations of this last paragraph seemed arbitrary, pointless, perhaps even 
forbidden, but the end result is suggestive. D’Alembert managed to “gather” the two 
functions )(#, &) and +(#, &) in a single entity, the complex function ) + %+. Thus, if 
() + %+)(8# + '%

( ) is an exact differential, then ) + %+ is a function of # + %
(  (or of # −

%&), which appears to be a complex variable function. Now, if instead of adding, we 
subtract )8# + %+ '%(   and %+8# + ) '%

( , we obtain () − %+)(8# − '%
( ), which leads to 

the assumption that ) − %+ is a function of # − %
( .  

For someone versed in modern complex analysis, it is hard to understand what 
d’Alembert is trying to achieve. Here is an opportunity to encourage students to discuss 
what d’Alembert is up to with these manipulations, and what would it mean at the time 
to treat ) + %+ as a function of # + %

(  . The details in the original are a bit complicated, 
but, in essence, he is expressing the function in terms of its complex conjugate to get 
rid of the imaginary parts.  

Notice that d’Alembert is assuming that !(9) = !(9̅);;;;;;. For Euler, this is the 
fundamental theorem of complex numbers (Klein, 1959, p. 627) and he used it to solve 
evaluate several (real) integrals. However, !(9) = !(9̅);;;;;; is not generally true in modern 
complex analysis. This contradiction has great pedagogical potential. The crucial 
difference is that complex functions are not entities yet, and the whole point is to 
manipulate them so that the “imaginary parts destroy themselves”. After all, physical 
quantities, such as velocity components of a vector field representing fluid flow, should 
always be real. 
COMPLEX NUMBERS HAD NO GEOMETRICAL MEANING 
For real functions, we usually have a good geometrical understanding of !′(3) = 2, but 
what does, e.g., !′(1 + %) = 3 + 2% mean? A powerful way to visualize the derivative 
of a complex function is the notion of amplitwist (Needham, 1997), which interprets 
the derivative as a local amplification and twist of vectors at a point in the complex 
plane. 2 If !′(9) exists at point 9, it means that every infinitesimal variation 89, from 9, 

 
1 D'Alembert wrote √−1 in the original. Of course, multiplying and dividing by the same number (,) does not change the 
expression, but at this moment it is perfectly fine to ask oneself what is the point of doing this. 
2 Wonderful animations of a complex derivative are found in https://www.youtube.com/watch?v=0CHZMY02Dhk and 
https://www.youtube.com/watch?app=desktop&v=b8_3PFjiJvY. 
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which according to (2.8) yields eq (2.2). This seems rather confusing but is
actually pretty simple! Make sure to check the equivalence (2.6) yourself.

Now we have a di↵erent, yet equivalent, way to formulate the same
mathematical problem: find the functions u(x, y) and v(x, y), so that udx+
vdy and vdx� udy are both exact di↵erentials. D’Alembert’s profound in-
sight was to find a way to “gather” these two expressions in a “single” entity,
that could be integrated. How did he achieve that? Playing pragmatically
with complex numbers.

Here is his line of reasoning. If udx + vdy is an exact di↵erential, so is
udx + iv dy

i , where i is the imaginary unit2. Similarly, if vdx � udy is an
exact di↵erential, so is (multiplying by i) ivdx � iudy, which is equal to
ivdx+ udy

i . Adding udx+ iv dy
i and ivdx+ udy

i results in (u+ iv)(dx+ dy
i ).

Now take a moment to contemplate this last expression.

The manipulations of this last paragraph seemed arbitrary, pointless,
perhaps even forbidden, but the end result is suggestive. D’Alembert man-
aged to “gather” the two functions u and v in a single entity, the complex
function u + iv. And if (u + iv)(dx + dy

i ) is an exact di↵erential, then we
can claim, together with d’Alembert, that u+ iv is a function of x+ y

i (or
of x� iy), whatever that means. So, do we already have a method to find
the functions u and v?

Not yet. We will perform similar manipulations to express the complex
conjugate of u+ iv. Then, we will add the two to get rid of the imaginary
parts. This strategy is not so surprising if you remember Bombelli’s original
trick to find the solution to that cubic equation in Section 1.1 [cross REF].

In fact, by subtracting udx+iv dy
i and ivdx+udy

i , we obtain (u�iv)(dx�
dy
i ), which is again an exact di↵erential. By “integrating” it, we conclude
that u� iv is a function of x� y

i (or of x + iy). But how to express these
functions to ensure that u and v are both purely real?

2
D’Alembert wrote

p
�1 in the original. Of course, multiplying and dividing by the

same number (i) does not change the expression, but at this moment it is perfectly fine

to ask yourself what is the point of doing this.
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parts. This strategy is not so surprising if you remember Bombelli’s original
trick to find the solution to that cubic equation in Section 1.1 [cross REF].

In fact, by subtracting udx+iv dy
i and ivdx+udy

i , we obtain (u�iv)(dx�
dy
i ), which is again an exact di↵erential. By “integrating” it, we conclude
that u� iv is a function of x� y

i (or of x + iy). But how to express these
functions to ensure that u and v are both purely real?

2
D’Alembert wrote

p
�1 in the original. Of course, multiplying and dividing by the

same number (i) does not change the expression, but at this moment it is perfectly fine

to ask yourself what is the point of doing this.
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2.2 Imaginary parts “destroy themselves”

Here is how d’Alembert did it. He wrote

u+ iv = �(x+
y

i
) + i (x+

y

i
) (2.9)

u� iv = �(x� y

i
)� i (x� y

i
) (2.10)

By adding and subtracting (2.9) and (2.10), he obtained

u =
1

2
[�(x+

y

i
) + �(x� y

i
)] +

i

2
[ (x+

y

i
)�  (x� y

i
)] (2.11)

v =
1

2i
[�(x+

y

i
)� �(x� y

i
)] +

1

2
[ (x+

y

i
) +  (x� y

i
)]. (2.12)

In this way, d’Alembert claims, we can ensure that u and v are real, since
the imaginary parts “destroy themselves” [sic]. He even illustrates this with
an example, where �(x+ y

i ) and  (x+ y
i ) are the following polynomials:

�(x+
y

i
) = a(x+

y

i
) + b(x+

y

i
)2

 (x+
y

i
) = e(x+

y

i
) + f(x+

y

i
)2 + g(x+

y

i
)3,

with real coe�cients a, b, e, f and g. Substitution in (2.11) and (2.12)
yields

u = ax� ey + bx2 � by2 + fy2

v = �ay + ex� 2bxy + fx2 � fy2 � 3cx2y + cy3 + gx3 � 3gxy2,

which determine the (real) velocity components u(x, y) and v(x, y) at any
given point. If you have a lot of free time you can check that this is correct.

If you tried it yourself and/or if you look carefully at (2.11) and (2.12),
you might notice something suggestive. The functions � and  appear in
pairs, where these functions are added (and subtracted) by functions of
their complex conjugates. Why is that?

Let us focus on �(x+ y
i )+�(x� y

i ). If the function of the complex con-
jugate is equal to the complex conjugate of the function (read this sentence
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Imaginary parts ”destroy themselves”

3. CR equations after d’Alembert?



In the course of this work d’Alembert wrote down
the equations that later became known as the
Cauchy–Riemann equations. However, contrary to
what is often stated, it would be quite inaccurate
from a historical point of view to claim that
complex function theory began with d’Alembert’s
Essai. In fact, he did not connect these equations
with any development of complex function
theory. In his hands resorting to “imaginary”
expressions was nothing more than a trick of
calculation. He wanted the integrals of the
differential forms that were involved to be real, and
at the end of his reasoning he was pleased to remark
that the imaginary quantities had disappeared.
(Bottazzini & Gray, 2010)

Imaginary parts destroy themselves!

3. CR equations after d’Alembert?



Complex derivative as an ”amplitwist”

https://www.youtube.com/watch?v=0CHZMY02Dhk

3. CR equations after d’Alembert?



• Similarity between the CR equations and the conditions for
incompressible/irrotational fluids could have pedagogical potential;

• Complex numbers as “vectors” in 2D only came in the early 1800s,
they were not yet a single “entity”. The common practice was to
manipulate with conjugates to get rid of the imaginary parts.

• The Cauchy-Riemann equations should NOT be named after d’Alembert.

• When representing vectors in the complex plane, different algebraic
rules apply, e.g. multiplication as an amplitwist.

Some lessons from Episode 3

3. CR equations after d’Alembert?



Complex numbers in Quantum Mechanics
• Complex numbers are useful calculation tools in classical 

physics, but seem to be indispensable in quantum mechanics; 

• Why is the wave function complex?

• How did Schrödinger perceive this?

• Griffiths p.1    p.2 

What is unpleasant here, and indeed directly to be objected to, is the use of complex 
numbers. ψ is fundamentally a real function (Schrödinger to Lorentz on June 6, 1926) 

4. Schrödinger’s real component of 𝜓



Schrödinger’s struggles with a complex 𝜓 

34

The wave equation

• 1926: Schrödinger publishes series 
of four communications in Annalen 
der Physik: “Quantization as an 
Eigenvalue Problem.”


• This is where what is now known as 
the Schrödinger equation comes 
from.


• Original notation:

Schrödinger’s four communications 
(1926)

24/04/2023

4. Schrödinger’s real component of 𝜓



Harmonic oscillator

H e f t  28.  
9, 7. I 9 ~6  J 

SCItRODINGER: Der stetige 1Jbergang v o n d e r  Mikro- zur Makromechanik. 

gJ~ 

Polynome~).  Mit  e ~ und m i t  dem , ,Normie-  

rungs t ak to r "  (2~n!) 2 mult ipl iz ier t ,  werden  sie 
als H~R~ITnsche Or thogona l funk t ionen  bezeichnet .  
Diese b i lden also die Ampl i t uden  der Eigen-  
schwingungen.  Die ersten IiinI s ind in Fig. I dar-  
gestellt .  Die Ahnl ichkei t  m i t  dem wohlbekann ten  
Bi ld  der  Sa i tenschwingungen is t  b ier  sehr weit-  
gehend. 

Es  m u t e t  im ersten Momen~ rech t  b izarr  an, 
einen Vorgang,  der  nach  der  bisherigen Auffassung 
der  P u n k t m e c h a n i k  angeh6rt ,  durch  ein Sys t em 
solcher Eigenschwingungen  zu beschreiben.  Ich 
m6chte  hier  an  dem gew~hlten einfachen }3eispiel 
den CTergang  zur makroskopischen  Mechanik  in 

- - 0 ~  

Fig. I. 
(AuBerhalb des dargestellten Bereiches -- 3 ~-~ x ~ + 

665 

znsammengefaBt ,  was, wie m a n  le icht  fiberlegt~), 
darauf  h inauskommt ,  eine re la t iv  schmale Gruppe  
in der  U m g e b u n g  des n-Wer tes  

A 2 
~ = - -  (6 )  

2 

herauszugreifen.  Die Ausf t ihrung der  S u m m e  in (4) 
wird geleistet  dtirch die in x und s ident ische Be- 
ziehung 2) 

- -  - S ~ + 2 8 ~  - - - -  
~ 8 ~ e  ~ H~(x) == e 2 (7) 

n = 0  

Also 
A ~ 4 ; ~ i v 0 t  + 2 ~ i v 0 t  x "~ 

~ i V o t  - - -  e A ~ e  
= e 4 ~ (8) 

N i m m t  man  nun, wie vorgesehen,  den reellen Teil  

?Z=4e 

rz~2 L /  A / \ I A  / \ 
/ X / \1f \ / / l----a&_--_.__2 

, ~ 4-3£" 

Die ersten ftinf Eigenschwingungen des PLANCKschen Oszillators nach der Undulationsmechanik. 
3 ni~hern sich alle ftinf Funktionen monoton der x-~-chse.) 

concreto demonstr ieren,  indem ich zeige, dab eine 
Gruppe yon  Eigenschwingungen mi t  hoher Ord- 
nungszahl  n ( , ,Quantenzahl")  und re la t iv  kleinen 
Ordnungszahldi i ferenzen (,, Quantenzahldi f feren-  
zen")  e inen , ,3/lassenpuakt" darzustel len vermag,  
welcher  die nach  der  gew6hnl ichen Mechanik  zu 
e rwar tende  , ,Bewegung"  ausfiihrt ,  d. h. mi t  der 
F requenz  v o oszilliert .  I ch  w~ihle eine ZahI A >~ i 
(d. h. ,,groB gegen i " )  und bi lde folgendes Aggregat  
von  Eigenschwingungen  

x~ (4) oo 

= e~iVot2,{A-- e2zi%tl  n I e 2H~(x)  

Es werden  also die normierten Eigenschwingungen 
(s. o.) mi t  den  Koeff iz ienten  

A" 
~ 2 ~ .  (5) 

1) Vgl. COURAN~-HILB~RT, Methoden der mathe- 
matischen Physik I, Nap. II ,  § io, 4, S. 76 (Berlin : Sprin- 
ger 1924). 

der rechten Seite, so kommt nach. kurzer Zwischen- 
rechnung 

x' @(x - x cos~-~,,0t)~ } 

Dies das Endresuttat, an dem zun~chst  der  erste 
F a k t o r  yon Interesse ist. E r  stel l t  einen re la t iv  
hohen und  schmalen  , B u c k e l "  yon  der  GestaI t  
einer , ,GAussschen Feh l e rku rve"  dar, welcher  je- 
weils in der  U m g e b u n g  der  Stelle 

x = A c o s 2 ~ v 0 t  ( i o )  

iiegt. Die 13reite des Buckels  ist  v o n d e r  GrSBen- 
ordnung i ,  a l s o  nach  Vorausse tzung sehr klein 
gegen A. Nach  (io) oszilliert  der I3uckel genau 

1) Z n  hat  ]i~r groJ3es z als FunCtion yon n ein 
einziges ex~em hohes und relativ sehr scharfes Maxi- 
mum bei n = z. Durch Quadratwurzelziehen erhi~lt 

A 2 
man mit  z = -  die Zahtenreihe (5). 

2 
2) COURANT-HII~BERT, 1. C. Gleichung (58). 

“A group of proper vibrations 
may represent a particle”

II. FROM MICRO- TO MACROMECHANICS

Let us start by showing how Schrödinger tried to attach physical meaning only to the

real component of his wave function. This is easily seen in a short paper published by him in

the journal Naturwissenschaften9. In it, Schrödinger writes the eigenfunctions representing

the solutions of the harmonic oscillator as8
><

>:

 n = e
�x2

2 Hn(x)e2⇡i⌫nt

(⌫n = 2n+1
2 ⌫0 ; n = 0, 1, 2, 3...)

(1)

and stresses that “on the right-hand side, the real part is to be taken, as usual”10, which is

similar to the use of complex exponentials in classical wave theory. He even goes on to plot

the first five graphs of Re( n) (Fig. 1) and remarks that “the similarity between this and

the well-known picture of the vibrations of a string is remarkable.”

FIG. 1. First five plots of the real parts of  n for t = 0 (Ref. 9, p. 665).

In the subsequent part of the paper Schrödinger wishes to “demonstrate the transition to

macroscopic mechanics by showing that a group of proper vibrations of high order-number

n may represent a “particle”, which is executing the “motion”, expected from the usual

mechanics.” In order to do that, he writes the sum of (normalized) proper vibrations as

 =
1X

n=0

✓
A

2

◆n
 n

n!
= e

⇡i⌫0t
1X

n=0

✓
A

2
e
2⇡i⌫0t

◆n 1

n!
e
�x2

2 Hn(x), (2)

which, after using a mathematical identity (cf. Ref. 4, Eq. (58), p. 76), becomes

 = e
⇡i⌫0t�A2

4 e4⇡i⌫0t+Axe2⇡i⌫0t�x2

2 . (3)

3

4. Schrödinger’s real component of 𝜓



𝜓 = 𝑒
5!
6 7

8
9 :75 ;<= 9>?"@ !

cos 𝜋𝜈A𝑡 + 𝐴 sin 2𝜋𝜈A𝑡 . 𝑥 −
𝐴
2
cos 2𝜋𝜈A𝑡

cosine wave with 
varying period 

Oscillating wave group as the representation of a particle in wave mechanics

4. Schrödinger’s real component of 𝜓

Gaussian

The First Factor of '
6
.!
+ #

)
! $#. /01 !%'"( !

The function of Gaussian distribution

? 3 = 1
L 2* 6

#)!
$#2
3

!

05/03/2020 12

From the function of
Gaussian
1 is the centre of curve

From the first factor of 2
3 cos 289!: = y = centre of
curve. When t change, the
curve will move to the left

3 ≫ 1 represents a tall curve

Wikimedia commons



𝜓 = 𝑒
5!
6 7

8
9 :75 ;<= 9>?"@ !

cos 𝜋𝜈A𝑡 + 𝐴 sin 2𝜋𝜈A𝑡 . 𝑥 −
𝐴
2
cos 2𝜋𝜈A𝑡

4. Schrödinger’s real component of 𝜓

The evolution of wave-
packet with A =20 

(Diagram created by Dr. 
David Green)

The evolution of wave-
packet with A =20 

(Diagram created by Dr. 
David Green)

Source: Chapter 14.6  
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nach demjenigen  Gesetz, das sich ftir einen 
Massenpunkt  mi t  der  Energ ie funkt ion  (i) aus 
der  gew6hnlichen 2vIechanik ergeben wiirde. 
Die Ampl i tude ,  in x gemessen, is t  A, in q ge- 
messen also 

Ftir  die Energie eines Massenpunktes  m, der mi t  
dieser Ampl i tude  und m i t  der  F requenz  v 0 osziltiert, 
ergibt  die gew61mliche Mechanik  

2 ~ a 2 r ~  m A2 
= - -  h Vo (~2) 

2 

d. i. nach (6), gerade n h vo, wo n die mi t t l e re  Qua.n: 
t enzahl  der herausgegriffenen Gruppe.  Die , ,Kor- 
respondenz"  ist  also such  in dieser Hins ich t  eine 
vo l lkommene .  

Der  zweite F a k t o r  in (9) ist  im al lgemeinen so- 
wohl  yon  x aN such  yon t eine sehr rasch veri inder-  
fiche Funk t ion  v o m  Abso lu tbe t rag  ~ i ,  welche 

st~ndlich - -  doch m6chte  ich an dieser Stelle 
hierauf  n ich t  n~her eingehen.  

Unsere WeIlengruppe hdtt dauernd zusammen, 
bre i t e t  sich nicht im Laufe  der Zeit  auf ein immer  
gr6Beres Gebie t  aus, wie m a n  es sonst, z. B. in der  
Optik,  gewohnt  ist. Das  will freilich hier  im eindi- 
mensionalen nicht  v ie i  sagen, ein Buckel  auf  einer 
Saite  verh~ilt sich ganz ~hnlich. N a n  erkermt  aber  
leicht, dab  sich durch Mul t ip l ika t ion  von  zwei bzw. 
drei Ausdri icken wie (4), der  eine in x, der  andere  in y, 
der  dr i t t e  in z geschrieben,  such  der  ebene bzw. der  
riiumliche Oszillator darstel len 1/iBt, d. h. eine ebene 
oder  eine r~iumliche Wel lengruppe,  die auf  ether 
harmonischen  Ell ipse uml~iuftl). Auch  eine solche 
Wel lengruppe  ble ibt  dauernd  beisammen,  im 
Gegensatz  z. B. zu e inem Wel l enpake t  der  klassi- 
schen Optik,  das sich im Laufe  der Zeit  zerstreut .  
Der  Unterschied  dtirf te davon  herrt ihren,  dab unsere 
Gruppe  aus einzehlen dislcreten harmonischen  
K o m p o n e n t e n  aufgebaut  ist, n ich t  aus e inem 
Kontinuum yon  solchem 

Ich  m6chte  schlieBlich noch erw~hnen,  dab eine 

Fig. 2. 

-5 0 ÷ 5 ~-10 v V t 1 7  - ÷20 

Pendelnde Wellengruppe als undulationsmechanisches Bild des Massenpunktes. 

viele t iefe und schmale Furchen  in das Ant l i tz  des 
ersten Fak to r s  gr~tbt und so eine Wellengruppe 
daraus  maclat, deren Bild - -  nu r  ganz schemat isch 
- -  in Fig. 2 wiedergegeben ist. Der  Abszissen- 
mal3stab der  Fig.  2 is t  nat t i r l ich vie l  k le iner  als 
in Fig. I ; Fig. 2 miiBte f~nfmM verg r6ge r t  werden, 
u m  mi t  Fig. I d i rek t  vergle ichbar  zu seim E ine  
genauere  B e t r a c h t u n g  des zwei ten Fak to r s  in (9) 
offenbar t  folgendes in teressante  Detail ,  das in der  
Fig. 2, die nur  ein Stad ium darstel l t ,  n ich t  zum 
Ausdruck  kommt .  D i e  Anzahl und Breite der  
,,Furchen" oder , ,Wel lchen" ,  welche den ~[ass6n- 
punk t  durchsetzen,  is t  zeit l ich ver~nderl ich.  Die  
Wel lchen sind am zahlreichsten nnd schm~lsten beim 
Durchgang  durch  die Mitre  x = o; sie werded 
vSltig ausgegliittet an den Umkehrs te l l en  x = ~ A, 
well  dor t  nach  (Io) der cos 2 er r0 t =- ~= I u n d  daher  
der  sin 2 z r o t = o wird, so dab der  zweite  F a k t o r  
in (9) gar  n ich t  yon x abh~ngt .  Die  gesamte  Aus- 
dehnung der  Wel lengruppe  (,,Dicke des Massen- 
punk tes" )  ble ibt  j e d o c h  s te ts  dieselbel Die V e r -  
Xndertichkeit  der , ,KrXuselung" ist  als eine Ab- 
h~ingigkeit yon der Geschwindiglceit' aufzufassen 
und als solche nach  a l igemeinen nndula t i0ns-  
mechanischen  GesichtsDunkten vo l lkommen  v e t -  

gemeinsame addi t ive  Kons tan te ,  sagen wir U, die 
eigentl ieh in (3) zu allen ~,~ hinzuzuft igen ist  (ent- 
sprechend der  , ,Ruhenerg ie"  des Massenpunktes)  
n ichts  wesentl iches ~tndert. Es  t r i t t  nur  in der 
eckigen K l a m m e r  in  (9) der  Addend 2 a Ut hinzu.  
Dadurch  werden  die Oszil lat ionen innerhalb der  
Wel lengruppe  zeitlich sehr viel  rascher,  w~hrend 
das durch  (IO) beschriebene Pendeln  der  Gruppe 
als ganzer  und ebenso ihre Kr~uselung davon  ganz 
unbei ' i ihr t  bleibem 

Es  l~fit sich m i t  B e s t i m m t h e i t  voraussehen,  dab 
m a n  auf ganz ~hnliche Weise auch die Wellen- 
g r u p p e n  konst ru ieren  k a n n ,  wetche auf  hoch- 
quant igen  Keplerel l ipsen umlaufen  und das un- 
dula t ionsmechanische  Bild des Wasserstoff-  
e lektrons stud; nnr  sind da  die rechentechnischen 
Schwier igkei ten gr6ger als in d e m  bier  behandel-  
ten, gunz besonders e infachen Schulbeispiel.  

1) Es set hier die; interessante ~emerkung ein- 
gesct~Mtet, dal3 fiir den ebenen Oszillator die Quanten- 
niveaus ganzzahlig, ffir den ~?iumNche~ dagegen vdeder 
,,halbzahlig" werden. J~,hnliches gi l t  fiir den Rotator. 
Die spektroskopisch so bedeutungsvolle Halbzahligkeit 
hf~hgt also mi~ der unge/ade,7~ I)imensionszahl des Rau- 
rues zusammen. 

Zoom in: Particles are wave groups

A bold prediction
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ersten Fak to r s  gr~tbt und so eine Wellengruppe 
daraus  maclat, deren Bild - -  nu r  ganz schemat isch 
- -  in Fig. 2 wiedergegeben ist. Der  Abszissen- 
mal3stab der  Fig.  2 is t  nat t i r l ich vie l  k le iner  als 
in Fig. I ; Fig. 2 miiBte f~nfmM verg r6ge r t  werden, 
u m  mi t  Fig. I d i rek t  vergle ichbar  zu seim E ine  
genauere  B e t r a c h t u n g  des zwei ten Fak to r s  in (9) 
offenbar t  folgendes in teressante  Detail ,  das in der  
Fig. 2, die nur  ein Stad ium darstel l t ,  n ich t  zum 
Ausdruck  kommt .  D i e  Anzahl und Breite der  
,,Furchen" oder , ,Wel lchen" ,  welche den ~[ass6n- 
punk t  durchsetzen,  is t  zeit l ich ver~nderl ich.  Die  
Wel lchen sind am zahlreichsten nnd schm~lsten beim 
Durchgang  durch  die Mitre  x = o; sie werded 
vSltig ausgegliittet an den Umkehrs te l l en  x = ~ A, 
well  dor t  nach  (Io) der cos 2 er r0 t =- ~= I u n d  daher  
der  sin 2 z r o t = o wird, so dab der  zweite  F a k t o r  
in (9) gar  n ich t  yon x abh~ngt .  Die  gesamte  Aus- 
dehnung der  Wel lengruppe  (,,Dicke des Massen- 
punk tes" )  ble ibt  j e d o c h  s te ts  dieselbel Die V e r -  
Xndertichkeit  der , ,KrXuselung" ist  als eine Ab- 
h~ingigkeit yon der Geschwindiglceit' aufzufassen 
und als solche nach  a l igemeinen nndula t i0ns-  
mechanischen  GesichtsDunkten vo l lkommen  v e t -  

gemeinsame addi t ive  Kons tan te ,  sagen wir U, die 
eigentl ieh in (3) zu allen ~,~ hinzuzuft igen ist  (ent- 
sprechend der  , ,Ruhenerg ie"  des Massenpunktes)  
n ichts  wesentl iches ~tndert. Es  t r i t t  nur  in der 
eckigen K l a m m e r  in  (9) der  Addend 2 a Ut hinzu.  
Dadurch  werden  die Oszil lat ionen innerhalb der  
Wel lengruppe  zeitlich sehr viel  rascher,  w~hrend 
das durch  (IO) beschriebene Pendeln  der  Gruppe 
als ganzer  und ebenso ihre Kr~uselung davon  ganz 
unbei ' i ihr t  bleibem 

Es  l~fit sich m i t  B e s t i m m t h e i t  voraussehen,  dab 
m a n  auf ganz ~hnliche Weise auch die Wellen- 
g r u p p e n  konst ru ieren  k a n n ,  wetche auf  hoch- 
quant igen  Keplerel l ipsen umlaufen  und das un- 
dula t ionsmechanische  Bild des Wasserstoff-  
e lektrons stud; nnr  sind da  die rechentechnischen 
Schwier igkei ten gr6ger als in d e m  bier  behandel-  
ten, gunz besonders e infachen Schulbeispiel.  

1) Es set hier die; interessante ~emerkung ein- 
gesct~Mtet, dal3 fiir den ebenen Oszillator die Quanten- 
niveaus ganzzahlig, ffir den ~?iumNche~ dagegen vdeder 
,,halbzahlig" werden. J~,hnliches gi l t  fiir den Rotator. 
Die spektroskopisch so bedeutungsvolle Halbzahligkeit 
hf~hgt also mi~ der unge/ade,7~ I)imensionszahl des Rau- 
rues zusammen. 

From micro to macromechanics (Schrödinger, 1926)

3) Taking the real part of (

“Our wave group always remains compact, and does not
spread out into larger regions as time goes on, as we
were accustomed to make it do, for example, in optics”

A bold (but false) prediction

4. Schrödinger’s real component of 𝜓



Some lessons from Episode 4

- Schrödinger was initially looking for physical meaning of the real
component of his wave function.

- An awareness of Schrödinger’s original struggles to accept a
complex wave function could be comforting for students who are
puzzled by a complex psi.

- Why not discuss Schrödinger’s micro-macro paper when solving
the quantum harmonic oscillator in QM courses?

4. Schrödinger’s real component of 𝜓



Broader lessons for the Math-Physics interplay

- The math/physics interplay is complex; not very useful to talk
generally; better look at specific cases and draw situated
lessons/conclusions;

- The math/physics interplay is fruitful; often one helps the
other; but math and physics are fundamentally different, and
these differences should be made explicit in teaching;

- More could be done to explore the pedagogical potential of
the historical dimension of the math/physics interplay.
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